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Résumé

La théorie du risque est I’étude des problématiques (& court terme et long terme) d’un portefeuille
d’assurance non-vie. Elle regroupe entre autres la théorie de la ruine et la réassurance. Cette derniere
consiste a transférer tout ou partie d’un risque d’une assurance vers une autre. La théorie de la
ruine, quant a elle, est 'analyse a long terme de la ruine d’une assurance (non-vie). L’étude des
différentes mesures de ruine a été unifiée par la fonction Gerber-Shiu. Elle est définie comme la fonc-
tion actualisée de pénalité espérée et permet d’étudier les mesures de ruine, telle que la probabilité
de ruine. Trois sujets sont abordés dans ce mémoire, avec comme points communs la réassurance et
la théorie de la ruine. Le premier chapitre se concentre sur la réassurance optimale, lorsqu’on utilise
le coefficient d’ajustement comme mesure de ruine. On montre que le coefficient d’ajustement est
une fonction unimodale du parametre de rétention, le tout dans un modele de dépendance entre
le cotit et 'arrivée des sinistres. Le deuxieme chapitre utilise la fonction de Gerber-Shiu dans le
modele de Cramér-Lundberg lorsqu’on inclut de la réassurance proportionnelle. Enfin, le dernier
chapitre traite du calcul de la probabilité de ruine a ’aide des lois phase-type dans le modele de
Sparre Andersen. En supposant des temps d’attente et des montants de sinistres de loi phase-type,
on obtient des expressions explicites de la probabilité de ruine avec une réassurance proportionnelle.
L’implémentation des calculs a été intégrée au package R actuar.

Mots-clés : Coefficient d’ajustement ; Coefficient de Lundberg ; Copules; Théorie du
risque ; Modeles avec dépendencs; Réassurance proportionnelle; Réassurance excess
of loss ; Réassurance optimale; Loi phase-type; Fonction Gerber-Shiu



Abstract

Risk theory can be defined as the non-life insurance mathematics. Ruin theory and reinsurance
are parts of risk theory, which study respectively the long-term ruin of an insurance company and
the risk transfer from one insurance company to another. The analysis of ruin measures had been
unified by the Gerber-Shiu function, which allows us to study ruin measures such ruin probability.
We study three different topics, whose overall subjects are reinsurance and ruin theory. The first
chapter focuses on optimal reinsurance, when we use the adjustment coefficient as a ruin measure.
In a context of dependence between claim severity and claim frequency, we show the adjustment
coefficient is a unimodal function of the retention parameter, either for proportional or excess of
loss reinsurance. Chapter 2 deals with the Gerber-Shiu function with proportional reinsurance in
the well-known Cramér-Lundberg model. Finally, we give our attention on the computation of the
ruin probability thanks to phase-type distributions in the Sparre Andersen model. We derive ex-
plicit ruin probabilities, when assuming both claim sizes and inter-occurence times are phase-type
distributed. These computation has been inserted into the R package actuar.

Keywords : Adjustment coefficient; Lundberg coefficient; Copula; Ruin theory; De-
pendence models; Proportional reinsurance; Excess of loss reinsurance; Optimal rein-
surance; Phase-type distributions; Gerber-Shiu function
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Introduction

Risk theory studies all the aspects of a non-life insurance portfolio. In this wide area, ruin theory
focuses on the long term ruin of an insurance company with a such portfolio. Another part of risk
theory deals with the process of reinsurance, in which an insurance company transfers part or all
its risk to another insurance company (called the reinsurer). Reinsurance and ruin theory are parts
of risk theory which are closely related. Ruin theory is studied since more than a century. At the
beginning of the XX century, Swedish actuaries Lundberg and Cramér created the fundamentals
of the classical continuous-time risk model (where claim arrival process is assumed to be a Poisson
process). This model had been widely extended during the last century. Andersen deeply improved
the Cramér-Lundberg model in 1957 when he considered the claim arrival process to be a renewal
process. Recently, (Gerber & Shiul (1998)) revisited the ruin theory with their expected discounted
penalty function. The so-called Gerber-Shiu function allows us to analyse ruin measures such as
the ruin probability, the behavior of the surplus at ruin, etc... Their works gived new insights into
ruin theory.

Since the mid nineties, models with dependence have been the interest of many researchers. For
instance, the work of |Albrecher & Teugels (2006) deals with ruin probability when claim severity
and claim frequency are dependent. Other kinds of dependence have been studied such as two
dependent lines of business in a portfolio and claim severity and claim frequency dependent on a
common intensity variable.

Recent studies also concentrated on optimal reinsurance, whose aim is to choose the best rein-
surance according to a certain criterion. Waters| (1983) and |Centenol| (20028 use the adjustment
coefficient as a risk measure to choose optimal reinsurance, either with proportional reinsurance
or excess of loss reinsurance. They work in the Sparre Andersen model, where independence is
assumed between claim sizes and inter-occurence times.

Though phase-type distributions are known since nearly a century, its application in ruin theory
dates from the nineties. Phase-type distributions are a wide class of positive random variable
distributions, in which there are among others the exponential distribution, the Erlang distribution
and the hyper-exponential distribution. Asmussen (1992) presents the advantages to use phase-
type distributions to compute ruin probabilities in the Sparre Andersen model. He showed the ruin
probabilities have very easy (explicit) expressions when claim sizes are phase-type distributed.

This research memoir is divided into three independent chapters, but with common topics:
reinsurance and ruin theory. The first chapter extends the work of |Centeno (20024) by assuming
claim sizes and inter-occurence times are no longer independent. We use the adjustment coefficient
to find optimal reinsurance in a context of dependence between claim severity and claim frequency.

11



12 CONTENTS

In the second chapter, we introduce reinsurance directly into the surplus process. We study
in details the Gerber-Shiu function in the proportional reinsurance case. In the model of Cramér-
Lundberg with reinsurance, we derive many ruin-related quantities.

The third chapter concentrates on usage of phase-type distributions to obtain explicit ruin
probabilities. First, we present results on the effect of proportional reinsurance in the Sparre
Andersen model. Second, we implement ruin probability computations in the R package actuar.
The memoir then concludes with a discussion of possible further research.



Chapter 1

Optimal Reinsurance in a Context of
Dependence

In several studies on optimal reinsurance, the assumption of independence between claim sizes
and inter-occurence times facilitates the results deducted from the models. Many works has assumed
the case of independence on maximising the adjustment coefficient such as |Waters (1983), Centeno
(2002d)), (Centeno| (2002b) and Hald & Schmidli (2004). Centeno (1995)) also deals with optimal
reinsurance (again in the case of independence) of the finite time ruin probability, when mitigating
a more sophisticated bound * of this ruin probability.

When dependence between claim sizes and inter-occurence times is made, the studied ruin
models seldom focus on reinsurance (e.g. |Albrecher & Teugels (2006]) , [Boudreault et al.| (2006)
and Marceau| (2007)). Only the work of [Centeno| (2005) deals with dependence in a context of
optimal reinsurance (excess of loss precisely), where the dependence is characterized through the
claim frequency.

So the study of optimal reinsurance in a context of dependence comes naturally. First, we give
our attention on optimal reinsurance retention level in a context of dependence, when the premium
is calculated according to the expected value principle at first, and then with other premium
calculation principles.

In this chapter, we consider a general risk model with (Ny);ep+, the renewal process of number
of claims (i.e. N; can be written as sup(n € N, T,, <t) with Ty =0, T, = > W;) and (X;)iene,
the sequence of claim sizes. We assume that the couple of inter-occurence times and claim sizes,
(Wi, X;)ienx, forms a sequence of independent and identically distributed (strictly) positive random
variables. If claim sizes X; and waiting time W, were assumed independent, this would be the Sparre
Andersen model. Then we define the ruin time of the insurance company as the first time where
the insurance surplus is negative

Ty = inf(t > 0,u+ Ct — Sy < 0),

where u denotes the initial surplus, C' the premium rate and S; the total claim amount at time ¢

Ny
i=1

*. sometimes called the Gerber’s bound, cf. pp 139 of |Gerber| (1979)

13



14 CHAPTER 1. OPTIMAL REINSURANCE IN A CONTEXT OF DEPENDENCE

If ruin does not occur, 7, = +00. The premium rate C' must satisfy the following condition, so
as to avoid the ruin almost surely: E[X — CW] < 0, which is equivalent to
E[X]

Cc=( —_—
where n > 0 is the safety loading. It is well known that the adjustment coefficient R, which verifies
the equation F [e"(X *CW)] = 1, provides an exponential bound to the infinite time ruin probability
¥(u):

JAN

Y(u) = P(r, < 400) < e 1,

Thus, the ruin probability is controlled by the adjustment coefficient R (i.e. the adjustment coef-
ficient is a measure for the risk).

The main objective of this part is to present optimal reinsurance, which consists in maximising
the adjustment coefficient, with two kinds of reinsurance: proportional and excess of loss reinsur-
ance. Unlike previous works in this area, we work in a context of dependence between X and
W (resp. claim sizes and inter-occurence times), where the expected value premium calculation
principle is applied *. Therein, we prove that the adjustment coefficient R is a unimodal of function
of the retention levels, in general for proportional reinsurance and under a specific assumption for
excess of loss reinsurance.

There are various ways to integrate dependence. Firstly, we use copulas to structure the depen-
dence between claim size and claim frequency. From this approach, the issue of unimodality will
be studied in some “extreme” cases of dependence. Secondly, we will focus on two particular cases
of dependence: one, where the dependence is made on the conditional distribution of claim sizes;
and the other, where we use a common frailty approach on claim size and frequency distribution.

This chapter is divided into seven sections. In section we will study the proportional
reinsurance case, whereas the section focuses on excess of loss reinsurance. As the first two
parts give only theoretical results, numerical applications are carried out in section [I.3] when the
dependence is modelled through copulas. Then, in section [1.4] we will analyze three special cases of
dependence between X and W : comonotonic, independent and countermonotonic. Finally, section
and present a conditional and a common frailty structure of dependence. The last section
concludes.

1.1 Proportional reinsurance

In this section, we focus on proportional reinsurance. The net (of reinsurance) annual claims
X(a) is defined as aX (i.e. a €]0, 1] is the retention rate). Given a retention rate, the net premium
per unit of time is expressed as follows

Cla) = (1 g — () P D, (1)
insured risk reinsured risk

*. at first, then other premium principles will be considered.
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where 1 and ng denote the risk margin (supposed known and constant) respectively for the insurer
and the reinsurer. The risk margins satisfy the condition n < ng, otherwise the insurer could get
rid of all his risk by insuring his whole portofolio. The premium rate defined in equation can
be expressed in a simplified form :

E[X]

Cla) = W(n —nr + a(l+nr)).

Let us notice this premium is a linear function of the retention rate a. So the derivative of the
premium, C’(a), is constant : %(1—#7)3). Note that the premium rate C'(a) is not always positive,
this will be discussed in the following sub-section.

We are concerned with optimal reinsurance in context of dependence between claim sizes and
claim inter-occurence times. So we look for the optimal retention rate a* which maximizes the
adjusment coefficient R. The adjustment coefficient R is the unique positive root of the following
equation

E [er(X(a)fC(a)W)} _1, (1.2)

which is equivalent to
h(r,a) =In (E [eT(X(a)*C(a)W)D =0. (1.3)

We use the equation (|1.3) rather than (|1.2]) because it eases the analysis of the adjustment coeffi-
cient.

1.1.1 Admissibility condition on ’a’

First, let us consider the condition on the retention rate a so that the equation (1.3) has a
strictly positive root, the adjustment coefficient. The partial derivative of A with respect to r is
given by

oh _ E[(aX - Cla)W)erX(@=Cl@W)]
e = E [erX(@=Cla)] '

Since the function r — h(r,a) is convex (cf. appendix|A.1]) and h(0,a) = 0, the root of equation
li exists if and only if 8—?(0, a) <0*. Let g be a — ‘3—?(0, a), the first derivative of h with respect
to r as a function of a

g(a) = EaX — C(a)W].

We must find the values of a where g(a) is strictly negative. As the function ¢ is a (strictly)
decreasing function (¢'(a) = —nrE[X] < 0), ¢ has at most one root. The equation g(a) = 0 is
equivalent to

which yields tof

*. otherwise the function r — h(r,a) is a strictly increasing convex function. And the only root of 1) is 0.
t. cf. appendix
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Let ag be -1, which is positive since 1 < ngr. Therefore Va €lag, 1], g(a) < 0 that is to say that
it exists R > 0 such that , h(R,a) = 0. Otherwise, the root of is null. Furthermore, the
premium rate C'(a) is strictly positive on |ag, 1], since the condition g(a) < 0 is exactly the net
profit constraint, assumed to avoid the certain ruin.

1.1.2 Unimodality of R(a)

Let us study the optimal adjustment coefficient. From the previous subsection, we already
know that the adjustment coefficient R exists if and only if a €]ap, 1]. In the rest of this section,
we suppose that a €]ag, 1].

Unimodal functions

We recall the definition of a unimodal function ¢ on I.

Definition. ¢ : t — ¢(t) is a unimodal function on I if ¢ has a unique mazimum reached fort = t*
on I and ¢ is a strictly increasing function on IN| — oo, t*] and a strictly decreasing function on
INjt*, 4o0].

The function ¢ can also be called unimodal if it is first strictly decreasing and then strictly
increasing (i.e. ¢ has a unique minimum on ), but this is not the case we study here. Furthermore,
we have the following sufficient condition * of unimodality,

Proposition. If ¢ is a C? function, ¢ is a unimodal function on I if the equation ¢'(t) = 0 has a
unique root t*, such as ¢"(t*) < 0.

To prove that the retention function R(a) is unimodal, we show that this function verifies the

previous sufficient condition. Firstly, we prove that the equation %—f(a) = 0 has a unique root a*.

Then, we show that %2712?’((1*) < 0.

Part 1

Using the implicit function theorem f, we get

Oh (. g
?)f(a) = %;;Er’ a; . (1.4)
r ) r=R

This theorem requires the denominator to be non null. Indeed, we already know that r — h(r,a)
is a convex function, since %(r, a) <0 1. So, the latter function has a unique minimum on 7, such

that h(7,a) < 0 since h(0,a) = 0 and %(0, a) = E[X(a) — C(a)W] < 0. Therefore, the adjustment

*. cf. proof in appendix
. recalled in appendix
i. cf. appendix
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coefficient R verifies R > 7. Thus, we can conclude Va > 0, %(R, a) > 0 since r — h(r,a) is an
increasing function on [, +00[.

In consequence, the equation 8 2 () =0 is equivalent to

oh
—(r,a) =0. (1.5)
da r=R

Let us verify that the equation (|1.5) has a unique root a*. The equation (|L.5)) is equivalent to

E [R(X = C'(a)W)efX(@)=Cla)W)]
E [eRX(—-Cl@W)]

=0,
which yields to
E [(X — C'(a)W)eRX <“>—C<G)W>} —0,

since R > 0and E [eR(X(a)_C(“)W)] > 0. Let f be the functiona — E [(X — C’(a)W)eR(X(“)_C(“)W)] )
defined as the left-hand side of the previous equation. As shown in appendix f has a unique
root. Note that, we have

flao) = —nrE[X] <0 and f(1)>07,

Hence, f cancels exactly once on |ag, 1], i.e. the equation (1.5) has a unique root a*.

Part 2

Now let us find the sign of the second derivative %27]; at the optimal retention rate a*. From

the second derivative of R can be easy calculated when the first derivative is null. We get

PR & (r,a)
~  oh(,. .\
Oa? ar (7’ a) r=R,a=a*
The numerator is given by
92h E [R(X _ Cl(a*)W)QeR(X(a*)—C(a*)W)]
(R,a”) = T
a2 E [eR(X(a )—C(a )W)]

E [R(X — O'(a*)W)eRX (@) =Ca)w)]\ *
a E [eR(X(a)=Cla)W)] '
Since a* cancels the first derifative of R (hence the second member of the right-hand side), this
yields to
92h [R2(X _ Cl(a*)W)QeR(X(a*)—C(a*)W)]
(R,a") =
da? E [ef(X(a")=Cla)W)]

(1.6)

Hence, we have 82h 7(R,a*) > 0. As a consequence, we have that the second derivative ‘?)21;“( *) has
opposite sign as 8h(R a*), which is positive as we have already seen. Thus, 2 a 9L (g*) < 0, that is to

say the function a — R(a) is unimodal on Jayg, 1], as the function a — %R (a) cancels exactly once.

*. cf. appendix
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Conclusion on unimodality

To conclude on this optimatility issue of a — R(a), we have that the adjustment coefficient R
in the case of proportional reinsurance is unimodal function of a on Jag, 1]. Note that unimodality
(sufficient condition for maximization) ensures that numerical maximizations of R will converge,
which is particularly useful in practice.

1.1.3 Using other premium calculation principles

Until now, we have studied the adjustment coefficient R, when the premium are calculated
according to the expected value principle. Let us study the following premium calculation principles:

— variance premium principle : C = E[X] + nVar[X];

— standard deviation premium principle : C' = E[X]| 4 ny/Var[X];

. . .. In(E[enX
— exponential premium principle : C' = M

These premium principles are defined without rZinsurance for an annual risk X. More details on
their properties can be found in the Encyclopedia of Actuarial Science of [Teugels & Sundt| (2006]).
Let us study those premiums with proportional reinsurance with a retention rate a (as usual with
n < nr the loading coefficients).

The differences in the demonstration of unimodality of R(a) between the expected value pre-
mium principle and other premium principles appear (1) in the function g(a), (whose sign makes
R exist or not); (2) the function f(a) (whose number of roots is the number of (local) maxima)
and (3) the second derivative %(R, a*) of R(a) (whose sign ensures the optima to be maxima or
minima). For all premium principles, we have to study these three points.

Variance premium principle

The variance premium principle with proportional reinsurance is defined as follows

Cla) = EX]+nVar[X] E[X(1-a)]+nrVar(X(1-a)] _aE[X]+ Var[X](n— (1 - a)*yr)
E[W] E[W] E[W] '
The derivatives of C'(a) are
E[X]+2(1 — a)ngVar[X]
E[W]

and C"(a) = ——2nRVar[X] < 0.

C'la) = B[]

First, we need to study the admissibility condition on the retention rate, so that the ad-
jusmten coefficient R(a) exists. As in the previous sub-section, we defined the function g(a) =
ElaX — C(a)W]. It can be expressed as

g(a) = =Var[X](n — (1 - a)*nr).
Since ¢g(0) = —(n — nr)Var[X] > 0, g is strictly decreasing™ convex function, g has a unique
positive root ag on [0, 1], such as Va > ag, g(a) < 0. In this case, we have an explicit expression of

ap=1—,/-L > 0. Thus, the adjustment coefficent R(a) exists on ]ag, 1].
R

x. g'(a) = —2(1 — a)nrVar[X] < 0 and ¢’ (a) = 2ngVar[X].
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Secondly, we have the following expression for ’f’

fl@) = B|(X = C'(@W)elX0-Cm],

with C’(a) = E[X]+2(E%?RVGT[X]. Differentiating f, we have

f'(a) = RE [(X — C'(a)W)2elX <a>—0<a>W>} —C"(a)E [eR(X(a)—C(a)W)}
+ R(a)E [(X = C'(a)W)(X(a) - Cla)W)eFX@-C@m)]

Since C"(a) < 0, f'(a) is strictly positive when f nullifies (f(a) =0 < R'(a) = 0). Furthermore,
we have A
flag) = E [(X — C’(ao)W)eO] =—-2(1—ag)Var[X] <0,
and
E[(X — C(HW)eRX-cW)]

B [eRX-COW)] > 0.

(1) = B [(X = C'()W)eRE-COmW)]

Indeed, we have when a =1

(1) = g[[v);]] < 2 g{%ar{X} — o).

So f(1) is minorated by %(R, a)‘a:p which is postive as we have already seen in the previous
sub-section. Therefore, f is a continuous function, which starts from f(ap) < 0 to f(1) > 0 and is
a strictly increasing function, when f nullifies. Hence, f cancels once, say a*.

Finally, the second derivative of R (when the first one cancels) has the opposite sign of

&h E [R(R(X — C"(a*)W)? — C"(a)W )X (@) =Cla)W)]

- * —
a2 (R, a”) E [eR(X(@)~Cla)W)]

Note that the equation (1.6 is no longer verified since C”(a) # 0. But as C”(a) < 0, we have
that %(R, a*) > 0, hence R"”(a*) < 0. So we can conclude the adjustment coefficient R(a) is still
unimodal on Jag, 1] with the variance premium calculation principle.

Standard deviation premium principle

The standard deviation premium principle with proportional reinsurance is given by

Cla) = EX]+nyVar[X] E[X(1-a)]+nryVar(X(1-a))
N E[W] E[W]

The derivatives of C(a) are
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Let us study the ’g’ function with this premium principle. g is given by

g9(a) = =/ Var[X](n - (1 - a)nr),

which is a strictly decreasing® function on [0,1]. Thus there is a unique a¢ €]0,1[, such that
Ya > ap,g(a) < 0. Here, an explicit expression of the root can be found: ay = 77‘;;’7 > 0. Hence,
the adjustment coefficient R(a) exists on Jag, 1]. '

The study of the ’f’ function is very similar as for the expected value principle, since C”(a) = 0.
Indeed, we have f(ag) = —nry/Var[X] < 0. f(1) is given by

B [(X — c'ym)ertx-cmm)]
E [eRX—CTW)] ’

f1)=E [(X - 0’(1)W)eR<X—C<1>W>} >

using

(1) = E[X] +21[3W\/]Var[X] - E[X] +E77[W\/}Var[X] — o).

Thus, f(1) is minorated by %(R, a)}azl > 0T, if we consider that R(1) (no reinsurance) is calcu-

lated with a loading coefficient ng ¥. Therefore, f cancels once on Jag, 1],

And finally, the second derivative of R is negative, since the equation (1.6)) is still verified
(C"(a) = 0). Thus, we conclude that the adjustment coefficient R(a) is still unimodal on ]ag, 1]
with the standard deviation premium calculation principle.

Exponential premium principle

The exponential premium principle with proportional reinsurance is given by

Clay = BE[]) In(E [enr(1=0)XT)
W="EW ~ gEW]

The derivatives of C(a) are
E [Xemz(lfa)X}
EW|E [enr(1-a)X]’

C'(a) =

and

2
"(a) = —nr |E [XQEWR(l_a)X] _(E [XenR(l—a)X]
EW] | E[em(-a)X] E [enr(1-a)X]

We have C”(a) < 0 since the term between brackets is strictly positive because it is a variance of
an Esscher transform.

x. g'(a) = —y/Var[XInr < 0.

t. cf. previous subsection

EI:(Xicl(l)W)eR(XfC,(l)W)}
E[ER(X—C/(I)W)}

f. C’(1) is equivalent to the premium C(1) with a loading coefficient nz. Hence

E {(x—é(l)W)emX*@(l)W)
E{en(xfé(nvv)]

= (R, q)

a=1
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From the previous equations, we get

g(a) = E[X] — 717111 (E [enX]) + anln (E {e”R(l_a)XD .

Thus
E [Xe”R(l_a)X] Cov(X, enr(1=a)X)y
E [enn(-a)X] - E [ern(-a)X]

g'(a) = E[X] -

which is negative *. Furthermore, we have

90) = Lt (Bm¥]) = Ln (B [X]) >0 and g(1) = BX] - L1 (B [¥]) <o

since the exponential premium principle is an increasing function of the loading coefficient 1, and

it verifies the positive risk loading constraint. Therefore, g is a decreasing function, which nullifies
once on [0,1], say ag. So, the adjustment coefficient R(a) exists on |ag, 1] with ag > 0.

Let us study the ’f” function. We recall that f is defined as E [(X — C’(a)W)eR(“X_C(“)W)].
We have

flao) = B [(X — C"(ao)W)e’] = g'(a0) < 0,

and
EX] 1
C'(1)= == < ~In(E[e™]) = C(1),
X <L (p )
by using the Jensen inequality with ¢(z) = €"*. Hence, we also have f(1) > 0. Using the same
argument as the one used for the variance premium principle (where C”(a) < 0), f has a unique
root a*, and so the first derivative R/(a). Again, we used what was done for the variance premium

principle, i.e.

&h E [R(R(X — C"(a*)W)? — C"(a)W )X (@) =Cla)W)]

- * —
a2 (R, a”) E [eR(X(@)~Cla)W)] ’

which is positive because of C”(a) < 0. Hence, the second derivative of R(a) is negative. And so,
the adjustment coefficient is a unimodal function on Jag, 1] with the exponential premium principle.

1.2 Excess of loss reinsurance

This section is the analog of the previous section, when the insurer takes excess of loss reinsur-
ance. Let L € RT be the retention limit of the insurer. Once reinsured, the insures keeps the risk
X(L)=X AL =min(X,L). As in the previous section, the risk margins n and ngr are known and
constant. The net premium per unit of time C(L) is expressed as follows:

CL) = (1-+n) gt = (14 ) Gl (1.7
insul"zzl risk reinsured risk

*. cf. appendix



22 CHAPTER 1. OPTIMAL REINSURANCE IN A CONTEXT OF DEPENDENCE

where we again assume that n < nr. The derivatives of C' are given by

FX (L) *
E[V]

fx(L)

C'(L) = (1 +nR) BV

and C"(L) = —(1+ng)

when the density fy exists and Fx stands for the survival function of random variable X.
Our main focus is to maximize the adjustement coefficient R, which is the root of the well known
equation

h(r,L) =1n (E[er(X(L)*C(L)W)D =0, (1.8)

which we call the adjustment coefficient equation (even if in the literature, the adjustment coefficient
equation refers to E[eT(X(L)_C(L)W)] =1).

1.2.1 Admissibility condition on 'L’

Consider the function g defined as

oh
L~ a—(O,L) =EXNL-C(L)WV].
r
The adjustment coefficient equation (1.8) has a positive root if and only if g(L) < 0 (i.e. 22(0,L) <
0), because of the same reason as in the case of proportional reinsurance (i.e. convexity of r —
h(r,L) in appendix [A.1)). The function g can be expressed in the following form

g(L) = (nr —n)E[X] = nrE[X A L],

where the limited expected value E[X A L] is equal to fOL Fx(z)dr. g is a strictly decreasing
function since ¢’(L) = —nrFx(L) < 0T. As

9(0) = (nr —n)E[X] > 0 and g(L) — —nE[X] <0,
L—+00
it exists Lg > 0 which nullifies the function g. That is to say, we are ensured that there is Ly > 0
such that VL > Lg,g(L) < 0. This finishes the proof, that the equation has a positive root
when L € |Lg, +00[. Numerically, we found that Lg is equal to 0.4054 and 0.3544 respectively when
X ~&(1) and X ~ G(2,2) %

1.2.2 Unimodality of R(L)

We know from the previous subsection, that the optimal adjustment coefficient R exist if and

only if L > Lg. The approach to show, that the adjustement coefficient R is unimodal, is the same
as the previous section. First, we must ensure that the first derivative g—f cancels exactly once on

L*. And then, we show that gQTIQ%(L*) < 0.

*. using appendix and E[(X — L)4] = [ Fx(z)dz
. using appendix and E[X AN L] = fOL Fx(z)dz
. the 2 numerical examples considered in the next section. In the previous section, we have ag = 1/3.
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Part 1

Using the implicit function theorem *, we get

OR Oh(y [,
Py = gg(r | (1.9)
Using the same arguments as the previous section, we have that g—f(L) = 0 is equivalent to
g—Z(R, L) = 0. So the optimal retention limit L* is such that
oh
—(R,L*) =0.
As shown in appendix a)é%\L = 1(x>p1), thus we get
E [R(l(X>L*) _ Cl(L*)W)eR(X(L*)fc(L*)W)} 0
E [eR(X(L*)—C(L*)W)] e
which is equivalent to
E [(1(X>L*) - C’(L*)W)eR(X(L*)_C(L*)W)} = 0. (1.10)

F(L*)

The equation ([1.10)) does not always have a unique root. As shown in appendix the function
f defined as the right-hand side of the previous equation has sometimes more than one root, or no
roots at all. In the following, we assume now that f has exactly one root L* on |Lg, +o0|.

Part 2

The sign of aQR(L*) can be found when differentiating 1) We get

dL?
PR B %(r, L)
2 oh
oL ar(r L) r=R,L=L*
We know that %(R, L) > 0 from the previous section. So the sign of %(L) is the same as
92h R L) — E[R(R(1(x>p+) — C'(L*)W)? — C”(L)W)eR(X(L*)—C(L*)W)]
orz\ ) = E [eRX(E)-CW)]

E[R(1(x>p+) — C'(L*)W)eR(X(L*)fC(L*)W)] 2
- E [eR(X(L*)—C(L*)W)] .

As L* cancels the equation ((1.10]), we have

Phipp E [R(R(1 (x5 1) — C'(L*)W)2 = C"(L)W)eRX (L) -CLwW)]
oL>> E [ RX(LH)=C(LW)] -

*. cf. appendix
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Note that the previous calculi are only valid if X is continuous, in order that the second derivative

C" exists:
fx(L)

C"(L) = —(1+ng) <0,

E[W]
O(x>L*) - . _
and 57 is almost surely null (cf. appendix . Therefore, we obtain
Ph L) = b [R(R(l(bﬂ) —C'(LYW)* + (1 + nR)%%W)ER(X(L*)_C(L*)W)} 0
8L2( ) = E[ER(X(L*)fC(L*)W)] >0,

since P(1(x>z+) = C'(L*)W) = 0 when X and W are continuous. Consequently, we have that the
9’R
5. OL%
seen. Hence, gT];(L*) < 0, that is to say the function L — R(L) is unimodal on |Lg, +oco[, when
the first part of the sufficient condition is realised.

second derivative (L*) has the opposite sign as %(R, L*), which is positive as we have already

Conclusion on unimodality

Unlike the proportional case, we are not guarenteed that L — R(L) is unimodal. However the
unimodality is ensured if the equation

E\(Lx>1) — C/(L)W)eR(X(L)*C(L)W)} -0

has a unique root L*. Using the fact gQTI;(L*) < 0, the function L — R(L) is unimodal on | Lg, +00[.

Otherwise all the roots L* are local maxima.

1.2.3 Using other premium calculation principles

As done in the proportional reinsurance case, we study the adjustment coefficient R with other
premium principles. We consider the variance, the standard deviation and the exponential premium
principles. Let us study those premiums with excess of loss reinsurance with a retention rate L (as
usual by n and nr the loading coefficients). We suppose, as for the expected value principle, that
the density of the claim size X exists.

Variance premium principle

The variance premium principle with excess of loss reinsurance is defined as follows

_ EX]+nVar[X] E[(X —L){]+ngVar((X — L)4]
CO=""Fmr i )

EXANL] nVarX]—nrVar[(X — L)4]
E[W] EW] '

The derivatives of C(L) are

Fx(L)+ 2npFx(L)E[(X — L)4]
E[W] ’

C'(L) =
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and

oy —Ix(L) = 2nrFx(L)Fx (L) + 2nrfx (L)E[(X — L)+]
C"(L) = .
E[W]
As in the previous section with proportional reinsurance, we need to study the ’¢’ and ’f’
functions, and the sign of the second derivative of the adjustment coefficient. With the variance
premium principle, we have

9(L) = —nVar[X] +nrVar[(X — L)4] and ¢'(L) = —2npFx(L)E[(X — L)4].

Hence ¢ is a strictly decreasing function with ¢(0) = (ng—n)Var[X] > 0 and g tends to —nVar[X] <
0 when L tends to +oo. So there is a unique Ly, such that VL > Ly, g(L) < 0, i.e. R(L) exists on
]Lo, +OO[.

Studying the number of roots of the f(L) is very complicated, where f is defined as In the case
of excess of loss reinsurance, f is defined as

F(L) = B |(1xsr) = O/(L)W)eSXB=CWW]

Let us notice (L) = 0 since both functions 1(x~r) and C'(L) = Ex(D)+20pFx (L) BI(X—L)+]

I
PR 2y

tends to null. But the solution L = 400 is not a solution mathematically and in practice. Because
this involves that the insurer takes no reinsurance at all. We have also

F(Lo) 2 E[(A(xsp) — C'(L)W)e®] = —2nrFx (Lo)E[(X — Lo)+] < 0.

The study of the derivative of f is the same as when using expected value principle in appendix
We are not ensured that f is an increasing function, and so there is a unique L* €|Lg, +00|
which nullifies f.

The study of the second derivative of f reveals the same impossibility to know its sign. There
may be some case where f is an increasing on |Lg, +0o], hence there is no root, which means the
“optimal” * retention limit L* will be +o00. Note in this case, we are ensured the L — R(L) has a
horizontal infinite branch when L tends to +o0o. Otherwise, the root of f may be unique .

Finally, the study of the sign of R”(L) is also problematic. We recall its sign is the opposite
sign of

&h B [R(R(L(x 1) — C'(L)W)2 — C"(L)W)eR(X (1) -Cww)]

S (RLY) = B[RO ot . (1.11)

However, the second derivative of the premium rate, C”(L), is not always negative. Therefore, we
are not ensured that R(L*) is a maximum, unlike the case of expected value premiums, since
may be negative. But, we may reasonably think the term (1(x~p~) — C'(L*)W)? to be greater than
C"(L)W in average.

This leads to the conclusion that the unimodality of R(L) is not guarenteed even if the f
function cancels once.

*. in the sense of the one, which nullifies the first derivative of R(L)
t. cf. at the end of appendix
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Standard deviation premium principle

The standard deviation premium principle with excess of loss reinsurance is given by

EX]+nVVar(X) E[(X — L)4] +nr/Var[(X — L)4]

¢L) = E[W] E[W]
_ BIXAL] ny/VarlX] —nry/Var((X — L).]
~ E[W] E[W] '

The derivatives of C'(L) are

o Fx(L) E[(X — L)4]Fx(L)
= T EWVarl(X - L)3]
and
orpy = XD Fx(DFx(D) + xWE(X ~L)s] - (BIX ~ L)Fx(L)"
B[W] EW]y/Var[(X — L)4] BIW] (Var[(X — L)4])*?

The study of ¢’ and ’f’ function is necessary.

—URE[(X — L)4]Fx(L)
VVar(X — L).]

9(L) = —n/Var[X] + nr/Var[(X — L)4] and ¢'(L) =

Since ¢(0) = (nr —n)y/Var[X] > 0 and g tends to —ny/Var[X] < 0 when L tends to +o0, ¢g has
a unique Lo such that R(L) is only defined on |Lg, +o0].

The problem of the number of roots of f still persists with the standard deviation premium *.

Furthermore, the derivative C”(L) is not always negative, hence ([1.11)) may be negative. As for
the variance principle, the function L — R(L) is not always unimodal, even if f nullifies once.

Exponential premium principle

The exponential premium principle with excess of loss reinsurance is given by

_ I (E[]) I (B[emEEL])

= Ew) 7]
The derivatives of C'(L) are
! o 1 fX(L)
)= Bw R EWIE [t
and
C”(L) . fS((L) +m’%fX(L) + f)Q((L)

T REWIE [ein=1)+] T ppEW]E? [em(X-D)+]"

x. cf. at the end of appendix
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The function g is given by

and its derivative is

In(E[e"X])

Since ¢(0) is positive and ¢ tends to — TEWT < 0 when L tends to 400, the uniqueness of
the real Lo > 0 such that VL > Loy, g(L) < 0, i.e. R(L) exists on |Lg, +00l.

Again, the number of roots of f is problematic, as the sign of R”(L) when the first derivative
R'(L) nullifies, since C”(L) > 0. Hence, L — R(L) is not always unimodal.

In conclusion for all these three other premium principles (i.e. variance, standard deviation
and exponential principle), there is no guarantees, that L — R(L) is unimodal on |Lg, 00|, even
if its first derivative nullifies exactly once. That’s the main difference with the expected value
principle. The following numerical applications will show various examples or counter-examples of
unimodality of the adjustment coefficient R(L) *.

1.3 Modelling dependence through copulas

1.3.1 Numerical applications

For the following numerical applications, we models dependence through copulas. Exactly, we
will study the optimal retention parameter 6* (either a* or L*) with three different copulas and
four different marginal distributions. The studied copulas, which will structure the dependence of
the bivariate process (W, X), are :

— the Frank copula :

CF(u,v) = —L1n <1 e = (e - 1)> ;

[0}

— the Clayton copula :
C’g(u,v) = (u_o‘ 407 — 1)%1 :
— the Gaussian copula :
Cx (u,0) = Ho (@7 (u), @7 (v));
where ® stands for the standard normal distribution function and H,, the distribution function

0 and of covariance matrix 1 a .
0 a 1

We recall that if X and W has a dependence through a bivariate copula C', we have Fx w(z,w) =
C(Fx(z), Fyw(w)). More details on copulas can be found in Nelsen (2006). As for the four different
cases of marginal distributions, we study

*. cf. graphs

of a Gaussian vector of mean (
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= (Xi)iz0 ~ &€(1) and ( Wi)izo ~ E(1);

— (Xi)iz0 ~ G(2,2) and (W;)i>0 ~ E(1);

(Xl)z>0 ~ G(2,2) and (Wz)zzo ~ G(2,2);

(X )z>0 ~ 5( ) and (WZ)ZZO ~ 9(2, 2).

Note that we will always put the claim size type in first and the inter-occurence time in second, in the
legends of the following graphics (e.g. exp (1) /exp (1) is the first case of marginal distributions).

Since there is no explicit expressions of the Lundberg equation (hence the adjustment coef-
ficient), two approximation methods have been used. These two methods are presented in the
two following paragraphs. The first approach uses simulations of the bivariate process (W, X;);
to compute the adjustment coefficient. In the second method, we discretize the joint distribution
function in order to compute the mass probability function.

Using simulation

The main idea of this method is to simulate a bivariate process U; = (u; 1, 4 2)i>0 which have a
particular copula dependence structure. And then, using the inverse function method, we simulate
the marginals W and X. The first step has been carried out thanks to the R* package copulaf,
which produces realisations of U;. As for the second one, quantile functions of the exponential and
the gamma distribution, implemented in R by the functions gexp and ggamma, are used.

Since we have simulated n samples (w;, z;); of the bivariate process (W;, X;);, we minimize the
squarred differences between left hand side and right hand side of equation (1.3)) or (1.8]). That is
to say we minimize the following empirical function to find the R adjustment coefficient :

n 2
1
- r(zi(0)—-C(0)w;) _
—> (n;e 1) .

Then we maximize the adjustment coefficient R with respect to the retention parameter 6. The
both optimizations have been achieved with the opt imize function of R.

Discretization of the joint distribution function

The main objective of this approach is to compute the mass probability function of the joint
distribution function of (W, X), which is given by :

Fw x(ti,xj) — Fwx(ti,xj—1) — Fwx(ti—1,zj) + Fwx(ti-1,zj-1) ifi,j>1

Fw x (ti,xj) — Fw,x (ti,xj-1) ifi=0
t',SU' ~ ) ) 3 ] ,
Jwx(tis x) Fyw x (ti,xj) — Fw,x(ti—1, x;) if j =0
Fiv.x(0,0) iti,j=0

where the points (t;, x])ggfg‘;i is the grid of discretization with nx + 1 points of space and ny + 1

points of “times”. We also use the R package copula? package to compute the joint distribution

*. the statistical software [R] (2007)
1. Yan & Kojadinovic| (2007])
i. we rely on the quality of the R package copula of [Yan & Kojadinovic| (2007)
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function Fyy x for the different copulas, using Fyy x(w, z) = Co (Fiy(w), Fx(x)). As we have the
mass probability function, we again minimize the squarred difference of equation (1.3]) or (1.8)) to
find the R adjustment coefficient i.e. the following empirical function

2
nw nx

T Z Z er@iO=CO) o (t;,2;) — 1

i=0 j=0

Subsequently, we maximize the adjustment coefficient R with respect to the retention limit 6.

Note that if not mentioned otherwise, we suppose the premium to be calculated according to
the expected value principle.

1.3.2 Proportional reinsurance
Unimodality

First, let us verify numerically that the function a — R(a) is unimodal. We plot this function
for the three studied copulas. The parameters of copulas are 2.5 for the Clayton, 4.5 for the Frank
copula and 0.5 for the Gaussian copula. These parameters have been chosen so as to have a Pearson
correlation coefficient between claim sizes and claim arrivals around 0.5*. For this example and
all that will follow, we suppose the risk margin are n = 0.2, ng = 0.3 and n = 10000 (simulation
number). Futhermore, marginals distribution parameters are such that the expectation is 1.

As expected, the graphs of figure shows clearly that the function a — R(a) is unimodal for
all copulas and marginals. These graphs have been computed by the simulation method. We can no-
tice that the hump of the curve (a, R(a)) is greater when marginals are gamma (2, 2) /gamma (2, 2)
than when the distributions are exp (1) /exp (1).

Impact of the parameter dependence o on the optimal retention rate a*

The results obtained through simulations are first presented. The different parameters are:
n=0.2, ng = 0.3, n = 10000 (simulation number).

Cov(X,Y)

v/ Var[X|Var[Y]

X and Y through standard deviations. Thus the Pearson correlation is (slightly) different between exp (1) /exp (1)
and exp (1) /gamma (2,2). There is no explicit relation between the a parameter of a copula and the Pearson
correlation, that’s why we use this approximation.

*. the Pearson correlation is defined as p(X,Y) = , hence it depends on the tails of the distribution of
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Figure 1.1: Adjustment coefficient

a* in function of alpha [frank copula]
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1

— expElg/exp(l)
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Figure 1.2: Graph of o — a*(«) for the Frank copula

In the figures , an overall decreasing trend of a* can be observed for all types of marginals
except the gamma (2, 2) /exp (1) case. When the dependence structure is modelled through a
Gaussian copula (ﬁg, it is quite difficult to see any trends. Moreover, the gamma (2, 2) /exp (1)
marginals case shows that a* is increasing with . But it seems that the more the dependence «
between inter-occurence times and claim sizes is extreme (i.e. times between two “extreme” claims
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a* in function of alpha [clayton copula]
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Figure 1.3: Graph of a+— a*(«) for the Clayton copula

a* in function of alpha [gauss copula]
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Figure 1.4: Graph of o — a*(«) for the Gaussian copula

is very long), the more the optimal retention rate a* is lower. And so the more, the insurance
company “has” (optimally) to reinsure the risk in order to have the maximum safety.



32 CHAPTER 1. OPTIMAL REINSURANCE IN A CONTEXT OF DEPENDENCE

The following results have been carried out by discretization of the joint distribution function.
We discretized the claim size X and the claim frequency W on the interval [0;20 x E[X or W] or
[0; 10 x E[X or W]], whether the distribution of X (or W) is exponential or gamma (respectively).
The numbers of points of discretization ny and ny are (125,125) when X ~ £(1) and W ~ £(1);
(150,100) when X ~ G(2,2) and W ~ E(1); (125,125) X ~ G(2,2) and W ~ G(2,2) and (100, 150)
X ~ &) and W ~ G(2,2). Hence, the steps of the discretization are respectively (0.16,0.16),
(0.06,0.01), (0.08,0.08) and (0.01,0.06).

a* in function of alpha [frank copula]
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a* in function of alpha [gauss copula]
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Figure 1.7: Graph of o +— a*(«a) for the Gaussian copula

The first conclusion of the results, plotted in figures , , is the curve a — a*(«a)
has lost its erratic behavior. Now we can clearly see the decreasing trend of o +— a*(«). But for
the Archimedian copulas (i.e. Frank and Clayton copulas), the decreasing trend of a — a*(«) is
almost incontestable* for a positive dependence (o > 0). This phenomena is not so clear for the
Gaussian copula, where it seems that o — a*(«) is almost constant.

Moreover, we find the same conclusions on the adjustment coefficient R (not plotted on the
previous figures) as|Marceau| (2007)): the adjustment coefficient R(a*) is always increasing with the
dependence. Behind this, there is the intuitive idea the insurer will have much time to gather a
greater amount (when dealing with strong positive dependent risk) of capital if an “extreme” claim
raises.

The impact of the premium principles

Until here, we consider in the numerical applications, the expected value premium principle. We
know that the unimodality of R(a) still holds when using other premium principles . The expected
value principle does not depend on the tail of the claim size distribution. But for instance, if we
use the exponential premium principle, the tail of the claim size distribution is heavily penalized.
So with the exponential premium, the optimal retention rate (the abcisse of the maximum of the
adjustment coefficient) should be lower than the one when using the expected value principle.

This is shown on the figure (1.8]), where the adjustment R(a) coefficient is plotted. As for the
standard deviation premium, it is a compromise between the expected value principle (does not
depend on the tail of the distribution) and the exponential principle (deeply depends on the tail of

x. if we exclude the gamma (2, 2) /exp (1) case.

1. cf. sub section
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the distribution). Hence, we expect that the optimal retention with a standard deviation premium
principle is between the one of the “exponential premium” case and the one of the “expected value
premium” case. That is what we found in the figure ([1.9)).
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1.3.3 Excess of loss reinsurance

Unimodality

35

First, let us see numerically the shape of the function L — R(L). We plot this function for the
three studied copulas. We use the same set of parameters as in the case of proportional reinsurance,
that is to say the parameters of copulas are 2.5 for the Clayton, 4.5 for the Frank copula and 0.5
for the Gaussian copula (Pearson correlation around 0.5). We suppose the risk margin are n = 0.2

and nr = 0.3.

As expected, the graphs shows that the function L — R(L) is not always unimodal. With
the gamma distribution G(100, 100) for the claim sizes, the latter function has a local maximum.
Hence the excess of loss is not unimodal when this kind of reinsurance is not very appropriate
(gamma (100, 100) /gamma (100, 100) has a tiny variance).
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Figure 1.10: Graph of L — R(L) for different copulas
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Impact of the parameter dependence o on optimal retention limit L*

The results obtained through simulations are first presented. The different parameters are :
n = 0.2, ng = 0.3, n = 10000 (simulation number). As the previous subsection shows, the studied
marginal distributions are in case where the funtion L — R(L) is unimodal.
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Figure 1.11: Graph of o — L*(«) for the Frank copula
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L* in function of alpha [gauss copula]
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Figure 1.13: Graph of o — L*(«) for the Gaussian copula

In the previous figures (L.11}f1.12]1.13)), an overall increasing trend of L* can be observed for all
marginals. In general, the simulation for excess of loss reinsurance gives better results than for
proportional reinsurance in terms of smoothness of L*. As the trend of L* is opposite of the
a* trend, the conclusion for the insurer is the opposite: the more dependence o (between inter-
occurence times and claim sizes) is strong, the more the insurer will retain risk (optimally).

The following results have been obtained by discretization with the same grids on claim sizes
and claim frequency as the previous subsection.
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Figure 1.14: Graph of o +— L*(«) for the Frank copula
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L* in function of alpha [clayton copula]
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Figure 1.15: Graph of o +— L*(«) for the Clayton copula
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Figure 1.16: Graph of a+— L*(«) for the Gaussian copula

These results obtained by discretization confirm those by simulation. The function a — L*(«a) is
a increasing function. Let us notice that this function is almost constant for negative dependence
and sheerly increasing for positive dependence. It seems also that the optimal limit L* is bounded
in the case of the Frank copula.
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Impact of the premium principle

As we did for proportional reinsurance, we analyse the consequencs of the premium principle.
We know that the unimodality of R(L) is not always ensured when using other premium principles *.
The standard deviation and the exponential principles have the good quality to depend on the tail
of the distribution of claim size X. So we expect the optimal retention limit (when it is unique) to
be greater than in the case of the expected value principle.

The following graphs show examples or counter-examples of unimodality of R(L). For instance,
the exponential principle, plotted in figure , is unimodal with the Clayton copula (for a
Pearson correlation around 0.5). But the Gaussian copula is a counter-example with marginal
gamma (2, 2) /gamma (2, 2) . With the standard deviation principle (graph (1.18)), the adjusment
coefficient R(L) is not unimodal. However, there is a maximum, which is not unique. The graph
of the adjustment coefficient R(L) is given in comparison.

If we consider the optimal retention limit as the minimum of retention limits maximizing the
adjustment coefficient, let us notice that the optimal retention limits L* for the three premium
principles are not ordered in the same way as dealing with proportional reinsurance. Actually, with
the standard deviation principle, we have the highest optimal retention limit L*.
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1.4 Special cases of comonotonic, independence and countermono-
tonic copula in proportional reinsurance

In this section, we will study the three particular cases of dependence : the comonotonic, the
independence and the countermonotonic copulas for the bivariate process (W, X'). The purpose is to
study some very particular cases, where the Lundberg equation can be solved explicitly. We suppose
the insurer takes proportional reinsurance with the retention rate a. We recall the expression of
the three studied copulas :

— Independence copula: C*(u,v) = uw;

— Comonotonic copula (strongest positive dependence): CT (u,v) = min(u,v);

— Countermonotonic copula (strongest negative dependence): C~ (u,v) = max(u + v — 1,0).

1.4.1 Independence copula

We suppose that the inter-occurence times W and the claim sizes X are independent. So the
adjustment coefficient R is the positive root of the following equation :

Mx (ar) My (—rC(a)) =1, (1.12)

where My and My denote respectively the moment generating function of X and W (if they
exist). In section we have seen that R is positive if and only if a > a¢ (with ag = mj}—:’) In
the following developments, we suppose this situation. From the section [I.I} we also know that the
annual premium rate C'(a) is a linear function of a :

ElX] EX]

C(a) = W(U —ngr)+a(l+ng)

«

@9

If we assume claim size and waiting times are exponentially distributed with parameter A\ and
J respectively, then the equation ([1.12]) becomes

A )
A—ard+rCa)

In this particular case, the adjustment coefficient has an explicit form:

R(a) = 2 a C’?a)‘

The function a — R(a) is a unimodal and differentiable function for a €lag, 1], then the deriva-

: /s / _ =)\, 6C'(a) . " . .-
- 2 2 .
tive R'is R'(a) = -2 + & @) The maximum R* satisfies the condition
A 0C'(a) A 0B
@ Ca) " T @7 (a+pap

Thus we need to solve the following second order equation

a%(08 — A\3?) — 2XaBa — Xa? = 0.
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At last, the optimal retention rate verifies

a*((1+ nr)ngr) + 2a(1 + nr)(n — nr) + (n — nr)*> =0,

it come the retention rate which minimises ruin probability is
* NrR —1] [
a = —7 1+77R+\/1+77R}'
nr(1l+nr)

Let us notice that the optimal retention rate is independent of the parameters of the exponential
distributions. We did numerical applications with n = 0.2 and nr = 0.3, and we find a* = 0.625686.

If we assume that the claim size and claim frequency distributions are gamma with parameter
(o, \) and (a, 0) respectively, then the equation ((1.12)) becomes

A \° J O‘_l o A ) _
A—ar §+rCla)) A—ard+rCla)

So this yields to the same calculi as the previous subsection, where we found that the optimal

retention rate is a* = % [1+nr+ I+ g

In conclusion, we have that explicit expressions of R can be obtained when considering propor-
tional reinsurance and particular marginals. The previous calculi coud be done with other premium
principles such as variance, exponential or standard deviation principles. In general, the Lundberg
equation does not have explicit solution. Futhermore, we could have found explicit expres-
sions of the adjustment coefficient in the case of excess of loss reinsurance (using the truncated
moment generating function Mxapr).

1.4.2 Comonotonicity

The dependence structure between X and W is modelled by the comonotonic copula, also called
the Fréchet upper bound: C*(u,v) = min(u,v). It is well known that Fj;!(U) has the same distri-
bution as W when U is an uniform distribution ¢/(0, 1) *. Thus Fy (W) has an uniform distribution
U(0,1). The comonotoncity can be characterized by saying that X and W are comonotonic if and
only if Fix*(Fy(W)) and W are comonotonic.

Furthermore we suppose that X and W have exponential distribution with parameter A and
respectively, we get

B |:€7‘((ZX—C((Z)W):| - E [e'f”(aF);l(FW(W))—C(a)W)

Foo rad
— / 6w(T—rC(a))5e—6wdw
0

J
5+7“C(a)—%.

Hence the equation E [er(aX _C(a)w)] =1 yields to
5+r0(a)—2;“5:5@0(a)—if:0.

*. property used for the inversion method random simulation
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Therefore in the case of comonotonicity, when the marginal distribution are exponential, the ad-
justment coefficient R does not exist. Other marginals such as gamma distribution don’t lead to
explicit expressions since we need to explicit expressions of the distribution function.

1.4.3 Countermonotonicity

The last of our three special cases is when the dependence between X and W is countermono-
tonic. The comonotoncity can be characterized by saying that X and W are countermonotonic if
and only if Fy.'(Fy (W))* and W are countermonotonic.

In the special case in which X and W are exponential marginal distributions with respective
parameters A and J, we obtain that the adjustment coefficient equation can be derived to be:

Eler@X-C@W)] —  pler@aFx' FwW)=Cl@W)

[e.9]

er(aF)zl (FW(W))_C(a)w) fW (w)dw

1 —1 -1
er(aFX (I—u)—C(a)Fy, (u))du

1
r(a — lr;(u) +C(a) ln(léfu) )

du

®

1 —ra C(a)r

u™x (I—u)"¢ du

S— — — —

— BUR(1-0)""]
B ra C(a)r
- 6(1_ A 71+ 5 )7

in terms of beta function. We recall that f(z,y) = % . So when the dependence between

claim size (X ~ £(A)) and claim frequency (W ~ £(0)) is countermonotonic, the Lundberg equation
is

ra C(a)r

B(1 — R 1+ 5

However, we must notice that the 3 function is only defined on R*} x R’ . Therefore, the equation
(1.13) is only valid if 5* < 1. Let us notice that the equation is an extension of the equation,
that Albrecher and Teugels found in their article |Albrecher & Teugels| (2006), which was also
expressed in terms of the g function (with no reinsurance). Their equation is a special case of
with a =1, A = A\, § = A2 and r = —60 (they use the Laplace transform).

) =1. (1.13)

1.5 Conditional structure of dependence

In the first two sections, we study a model with no particuler dependence between claim size (X)
and inter-occurence times ('), whence we derive results on unimodality of R with proportional and

x. Fy denotes the survival function of the random variable W.
t. where the gamma function is defined by I'(z) = [,;7* 2"~ 'e'"da.



44 CHAPTER 1. OPTIMAL REINSURANCE IN A CONTEXT OF DEPENDENCE

excess of loss reinsurance. Then in the numerical applications of the section [I.3] the dependence
were structured through different copulas. Now, the hypothesis will take effects on the conditional
distribution of X knowing W. As the previous model, we will study the two cases of reinsurance:
proportional and excess of loss reinsurance.

1.5.1 Hypothesis

For a fixed a > 0, we suppose that the conditional distribution of claim size knowing the claim
frequency distribution is as follows

FY = x) = e ™ Fy, (z) + (1 — e ") Fy,(2), (1.14)

where Y7 and Y5 are independent positive random variables and independent of W. This model
has been studied in [Boudreault et al. (2006), where the authors focus on the Gerber-Shiu expected
discounted penalty * function (without reinsurance). From this assumption, useful properties can
be derived:

— Fx(x) = Mw (=) Fy, (z) + (1 — My (—a)) Fy, (),

- MY =) = e My, (x) + (1 — e~ ) My, (x),

- Mx(x) = Mw(—a)My, (z) + (1 — My (—a)) My, (z),
EIX"] = My (—a) E[Y{"] + (1 — My (—0))E[Y3'),
where M stands for the moment generating function (if it exists).

1.5.2 Proportional reinsurance
Adjustment coefficient equation

In this subsection, we suppose the insurer takes proportional reinsurance with a retention rate
a € [0,1]. The adjustment coefficient R is the positive root of the equation

Eler(@X=Cla)W)) — 1 (1.15)

where C(a) denotes the annual premium rate given a retention rate a. Thanks to the previous
properties and if the moment generating functions (of W, Y7 and Y3) exist, the equation (1.15]) can
be expressed as

My, (ar) My (—rC(a) — a) + My, (ar) [My (—rC(a)) — My (—rC(a) — )] = 1.

As we already know that the adjusment coefficient a — R(a) is unimodal on ]ag, 1] in the case
of proportional reinsurance, this expression is useful only to compute numerical applications. In
this model, no approximations of the Lundberg equation is needed, but there is still no explicit
expression of R 1.

*. cf. next chapter
t. R will be obtained through numerical maximisation.



1.5. CONDITIONAL STRUCTURE OF DEPENDENCE 45

Numerical applications

For numerical applications, we suppose that Y; follows a gamma G(2,2) distribution and Y7 a
gamma G(3,3) distribution. For the distribution of W, we choose an exponential distribution £(1)
and a gamma distribution G(2,2). The o parameter takes four different values: 0 (the well known
independent risk model), 0.2, 0.4 and 0.6.

Adjustement coefficient R [gamma(2,2)/gamma(2,2)/gamma(3,3)] Adjustement coefficient R [exp(1)/gamma(2,2)/gamma(3,3)]
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Figure 1.20: Graph of a — R(a) when W ~ G(2,2) (left) and W ~ £(1) (right)

The graphs of figure (1.20) shows that the adjustement coefficient R increases when the pa-
rameter « increases. When the parameter « increases, the distribution of Y5 has a stronger impact
on the claim sizes distribution X. So X becomes less risky in terms of variance (Var[Ya] = é Vs

VarlY1] = %) when « increases. Thus the bigger is «, the greater is the adjustment coefficient R.

Indeed, we can proved that when the parameter « increases, the adjustment coefficient R(a)
increases (for all retention rate a), when Y; follows a gamma distribution G(\;, \;) and W follows a
gamma distribution G(x,d). The ajdustment coefficient equation can be expressed in the following
form

My, (ar) My (—rC(a)) + My (—rC(a) — ) [My, (ar) — My, (ar)] = 1.

Let g be the right hand side of the previous equation. First, we have that Var(Y1) > Var(Y2) (i.e.
A1 < A2) implies that My, (ar) > My,(ar). Second, the moment generating function of W has an

explicit expression:
5 X
Vi (0@ o) = (5 ra)

which is a decreasing function of «. Thus, for all a,r > 0 we have

9(0) = My, (ar) My (=rC(a)) + My (—rC(a) — a) [My, (ar) — My, (ar)].
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is a (strictly) decreasing function of « (for the distribution considered for Y7, Yo and W). That is
to say, Va,r >0, a1 < ag = g(a1) > g(az), which implies that Ry, < Ra,-

Moreover, the impact of the distribution W is as important on the value of R as « parameter
(cf. figure ) When W is exponentially distributed £(1), the adjustment coefficient R is
smaller than when W follows a gamma distribution G(2,2). In consequence when the variance of
W increases, the adjustment coefficient R decreases (a fortiori the optimal adjustment coefficient).
This effect is clearly shown on the figure (1.21]), where we plot the function & — R*(4).
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Figure 1.21: Graph of 6 — R*(d) when W ~ G (4, 0)
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1.5.3 Excess of loss

We assume that the insurer takes excess of loss reinsurance with retention limit L. The adjust-
ment coefficient R is the positive root of the equation

E[er(X/\LfC(L)W)] —1, (1.16)

where C(L) denotes the annual premium rate given a retention limit L. Again if the moment
generating functions exist, the equation (|1.16)) becomes

MYIAL(T’)Mw(—TC(L> - a) + MYQAL(T) [Mw(—TC(L>) - Mw(—TC(L) — Oz)] =1.

Unimodality of R

We have an explicit expression of the limited moment generating functions My, sz, when (Y;);=12
follows an Erlang distribution (gamma distribution with integer shape parameter) G(n;, ;)

i

)\Z'—’I”

My (r) = ( ) Foner(D) + &V, (L),

where Fj, (L) is the distribution function of an Erlang G(n, ), which is equals to

n—1 i
(A ) —>\z.

As we proved that the function L — R(L) is unimodal if and only if the function f has a unique
root on | Lo, +o0o[ (i.e. the first derivative of R(L) cancels once) *.

Assuming this “conditional” relation of dependence, f is defined by

f(L) 2 E[(l(X>L)_C/(L)W)eR(X/\LfC(L)W)}
)+ F

= [Fyvi(L)Mw(=a) + Fy,(L)(1 — M (~a))] e Mw (~RC(L))
—C'(L) [My, p(R)Mw (=) + (1 = My (=) My,nL(R)] My (—RC(L)),
when conditioning on W. Assuming Y; follows an Erlang distribution G(n;, );), it yields tof

F(L) = " Fx(L) [Mw(~RC(L)) — C'(L)Mjy (~RC(L))]
— C'(L)Miy (=RC(L)) [paMy; (R)Fpy x—r(L) + (1 = pa) My, (R) Fog o r(L)]

where p, = My (—a)) and F, z(L) stands for the distribution function of an Erlang G(n, A). Just
below, we have plotted the f function for the two examples of numerical applications (i.e. W ~ £(1)
and W ~ G(2,2)). The function L has a unique root since it is a combination of continuous strictly
convex functions (the moment generating function My and F), »).

*. cf. sub-section
. cf. appendix
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Figure 1.22: Graph of L — f(L)

Numerical applications

For numerical applications, we suppose that Y; follows a gamma G(2,2) distribution and Y7 a
gamma G(3, 3) distribution. For the distribution of W, we choose an exponential distribution £(1)
and a gamma distribution G(2,2). The parameter takes four different values: 0 (the independent
risk model), 0.2, 0.4 and 0.6.

Adjustement coefficient R [gamma(2,2)/gamma(2,2)/gamma(3,3)] Adjustement coefficient R [exp(1)/gamma(2,2)/gamma(3,3)]
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Figure 1.23: Graph of L — R(L) when W ~ G(2,2) (left) and W ~ £(1) (right)
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As noticed in the previous sub-subsection (f has a unique root), the function L — R(L) is uni-
modal. This is clearly seen on the figure . Furthermore, the same conclusions as the previous
subsection can be drawn from the figure : the bigger is «, the greater is the adjustment
coefficient R; and when the variance of W increases, the adjustment coefficient R decreases. Again
we plot the graph of § — R*(§) when W follows G(8,6) (cf. figure (1.24)).

R* as a function of delta (W~G(delta,delta))
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Figure 1.24: Graph of 6 — R*(§) when W ~ G(4, )

1.6 Dependence structure based on common frailty

The main assumption of this approach is that the claim sizes (X;); and the inter-occurence
times (W;); knowing the intensity random variable (0;); are conditionnally independent. That is
to say we suppose that (X;/0; = 0,W;/0; = 0);>1 is a sequence of independent and identically
distributed (i.i.d.) random vectors. We also assumes that (0;); is a sequence of i.i.d. random
variables. As ©; is assumed to be a discrete distribution on {61,...,0,}, we have

Fxw(z,t) =Y PO =0,)Fy " (@)Fy " ().
j=1

Therefore, the adjustment coefficient equation is given by

i P(© = 6;) My 3 (r) My (—rC) =1, (1.17)
j=1

when the moment generating functions exist.



50 CHAPTER 1. OPTIMAL REINSURANCE IN A CONTEXT OF DEPENDENCE

1.6.1 Proportional reinsurance

As in the previous section, we already know, that the adjustment coefficient is unimodal function
of the retention rate a €Jag, 1] in the case of proportional reinsurance for all kinds of dependence.
The goal is to see the influence of the distribution of ©® on the adjustment coefficient. When
X/© = §; follows a gamma distribution G(o, 6;) and W/© = 6; follows a gamma distribution

G(8,6,) the equation (1.17) becomes

;P(@ = 0)) <ej H_jW)a <9j +ij0(a)>ﬁ _1

In the numerical applications, the following two distributions of © are studied :

1. PO=1)=0.7,P(©=3)=02, P(©=3)=0.1, E[6] = 0.8333 and Var(©) = 0.0666,

2. PO®=1)=06, P(© = %) =0.25, P(O© = %) = 0.15, E[0®] = 0.7625 and Var(©) = 0.0904.
These two specific distributions are called in the rest of this paper ©! and ©2. We choose these two

distributions in order that ©? takes smaller values than ©! (i.e. bigger means for the distributions
of X and W).

Furthermore, the claim distributions X and W are
- X/©=0;~ 5(0-) and W/0O =60, ~ £(9;),
X/0 =0 ~G(2,0;) and W/O = 0; ~ E(6;),

- X/©=10; ~G(2 H)andW/G)—H ~ G(2,0;),
- X/0=10; ~&(0; )andW/@-@ ~ G(2,6;).

First, the figure shows that the adjustment coefficient value strongly depends on the
distribution of claim sizes and frequency. Let € be the ratio of the expectation of X by the
expectation of W, ie. € = % When this ratio increases, the adjusment coefficient R(a) falls
dramatically. Especially for the optimal adjusment coefficient R*(a), it takes the value around
0.15, 0.11 and 0.07 (0.11, 0.08 and 0.05 respectively) when € equals to 0.5, 1 and 2 in the case of

O! (respectively ©2).

Second, the distribution of © has a big impact on the adjustment coefficient value. When the
expectation of © decreases (i.e. E[X]| and E[W] increases), the adjusment coefficent decreases,
especially when € = 0.5 (i.e. X/© =0; ~ £(6;) and W/O© =0; ~ G(2,6;)).

1.6.2 Excess of loss reinsurance

Now let us study the more interesting case of excess of loss reinsurance. As usual L denotes
the retention limit of the insurer. The equation (|1.17)) becomes

ZP Y MSrgd (r) My " (—rC(L)) = 1. (1.18)

In order to prove the unimodality of R(L), we need to show that f has a unique root on ] L, +o0o] *.

*. cf. sub—sectionm
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Figure 1.25: Graph of a — R(a) when © ~ ©! (left) and © ~ ©2? (right)

When X and W are exponentially distributed

When we suppose that X/© = 60; ~ £(0;) and W/O = 6; ~ £(0;), the equation (|1.18) is given
by
0;
0; + rC(L)

m _ ‘ [ _0] + _Te—(ajfr)L _ 1

Qj—’l“ Qj—’l”

In this case, we have

(14 ng)e %k

@+ RO, —1) %]

F(L) =" RpjMyg,(~RC(L))e~ =ML [1 N
j=1

where p; = P(© = §;) and the subscript 6; denotes the conditional corresponding quantity knowing
© =0;.

When X and W are gamma distributed

When we suppose that X/© =6, ~ G(«,6;) and W/O = 0; ~ G(B,0;), we have that

0=0; 0; \° L
My, (r) = <9j i r> Faﬁj—r(L) te LFa,gj(L)’

where Fy, g denotes the distribution function of the gamma distribution G(a, §). Thus the equation

(L.18) becomes
Eij(@ —op) | (P F (L) + ¢ Fog (D)) (i "1
= g ) T ¢ ol 0, +rC(L)) ~

J
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In this particular case, the function f is defined as

MX/\L,HJ' (R)

E[W] M{/V,OJ(_RC(L)) s

FD) =S pFag (L) [eRLMW,aj<—Ro<L>> (4w
j=1

with the same notation as above. The function L has a unique root since it is a combination of
strictly convex functions (the moment generating function MW’gj and Faﬁj). Just below, we have
plotted the function f for the two distribution of ©.
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Figure 1.26: Graph of L — f(L)
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Numerical applications

The numerical applications, to illustrate the fact that R is a unimodal function of the retention
limit, have been carried out with the same parameters as in the case of proportional reinsurance. We
consider two examples of the © distribution: ©! and ©2. As we did throughout the paper, we use
the four cases for the distribution of (X, W): (exp (0;) /exp (6;)), (exp (§;)/gamma(2,6;)),
(gamma (2, 6;) /gamma (2,60;)) and (gamma (2, 6;) /exp (6;) ).
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Figure 1.27: Graph of L +— R(L) when © ~ 0! (left) and © ~ ©2 (right)

From the figure ([1.27), we clealy see that the function L — R(L) is unimodal. Again we can

. . . . A . . .
derive the following conclusions: when the ratio € = % = % increases, the adjusment coefficient

R(a) decreases; and when the expectation of © decreases, the adjusment coefficent also decreases.
The two considered distributions for © are such that E[© "] = 0.8333 and E[©"?"] = 0.7625.
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1.7 Conclusion

As the purpose of reinsurance is to mititgate the risk of the insurer, the maximisation of
0 — R(0) is an important issue. Whence the question of unimodality of R makes sense, and the
question of uniqueness of the optimal retention parameter 6* comes naturally. In section [L.1] we
showed that the insurer’s adjustment coefficient is a unimodal function of the retention level for
proportional reinsurance and all the studied premium principles. But unimodality is not always
guarenteed for excess of loss reinsurance, and an assumption on the first derivative of R(6) has to
be made in section [[.2l

Since we can’t find explicit expressions of the adjustment coefficient (so the optimal adjustment
coefficient), numerical applications have been carried out through simulation and discretization to
illustrate those results. The section [1.4] presented special cases of dependence and claim distribu-
tion, which lead to explicit results of the optimal retention rate or the proof of its non-existence.
Moreover, the sections [I.5] and presents direct applications of sections [I.1] and in the two
particular models: a conditional structure of dependence and a dependence structure based on
common frailty.



Chapter 2

Reinsurance and analysis of ruin
measures

Ruin theory is the part of risk theory which focuses on ruin measures. Before |Gerber & Shiu
(1998), the analysis of ruin measures such as the deficit at ruin, the claim causing the ruin or the
ruin probability was not unified. It requires special analysis for all of them. Then |Gerber & Shiu
(1998) introduced the expected discounted penalty function, whose original goal was to answer two
ruin theory problems at the same time: the deficit at ruin and the time of ruin. The analysis of
the so-called Gerber-Shiu function let us also to derive some explicit and asymptotic results on the
ruin probabilities, the surplus prior to ruin, etc...

In this chapter, we study the Gerber-Shiu function in the Cramér-Lundberg model, when we
introduce proportional reinsurance. Unlike the previous chapter, we work with the assumption of
independence between claim severity and claim frequency. The aim is to study the influence of
reinsurance on ruin measures.

This chapter is structured as follows: in the first section, we summarize the main results of
Gerber & Shiu| (1998), secondly we introduce reinsurance into the surplus process. Then, numerical
applications will be carried out to illustrate the impact of reinsurance on the surplus prior to ruin
and the deficit at ruin. Finally, we will conclude.

2.1 The Gerber-Shiu function in the Cramér-Lundberg model

The Cramér-Lundberg model is also referred as the classical risk model in the literature. We
consider in this section a risk model where (N;);cgr+, the process of number of claims, follows a
Poisson process of parameter A (i.e. the claim intervals W; are i.i.d.* according to an exponential
distribution £(\)) and (X;);en+, the sequence of claim sizes, are i.i.d. positive random variable
according to a “generic” random variable X. We assume the independence between the inter-
occurence times (W;); and the claim sizes (X;);.

*. independent and identically distributed

95
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Then we define the ruin time of the insurance company as the first time where the insurance

surplus (U;)¢ 2 (u+ Ct — Sy); is (strictly) negative

7o = inf(t > 0,u+ Ct — 8, < 0), (2.1)

where C' denotes the premium rate, u the initial surplus and S is the total claim amount at time
Ny

t (ie. Sy = > X;). If ruin does not occur, 7, = +o0o0. The infinite time ruin probability ¥ (u) is
=1

7
defined by ¢(u) = P(7, < +00). The premium rate C' must satisfy the following condition, so as
to avoid almost surely the ruin: E[X — CW] < 0, which is equivalent to

C=(1+n)%,

where 1 > 0 is the safety loading. Let us notice that this condition implies that the surplus process
(Uy): has a positive drift.

2.1.1 The definition of the discounted penalty function and its associated re-
newal equation

The Gerber-Shiu discounted penalty function is defined as

A —O0T
e3(w) £ B [T w(Us—, U1 oc) /Up = ] - (2.2)

where ¢ is the force of interest *, U.- the surplus prior to ruin, and |U;| the deficit at ruin. Denoting

by f the joint density of U, -, |U-| and 7 knowing that Uy = u (i.e. f(x,y,tlu) = ILJ[O,:TU | L(7,y,1)),
s can be written as

“+oo “+oo “+oo ot
) = [ [ e tuta) ey thoydidsdy
0 0 0
—+o0 —+o0
:/ / w(zx,y) f (2, ylu)dtdzdy,
0 0

where f(z,y|u) stands for the joint density of U,- and |U;| knowing that Uy = u. Let us notice
that p5; = 1 (the ruin probability), with w(z,y) =1 and 6 = 0.

From its definition ([2.2), a renewal equation verified for ¢5 can be derived. First, Gerber and
Shiu obtain the following functional equation by conditioning on the first claim

Cgl(u) = (6 + N)ps(u) — A /0 " s — ) fx (@)dz — Awlu), (2.3)

where fx is the density of the random variable X (claim size) and w(u) = f;roo w(u, z—u) fx(z)dz.
Let p be a positive real. The functional equation ({2.3]) becomes

Cips p(u) = (6 + A = Cp)gs p(u) — )\/Ou po.p(u—x)e” " fx (z)dr — Ae”Pw(u), (2.4)

*. but § can also be seen as the variable of a Laplace transform
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where @5 ,(x) = e "ps(u) and X is the parameter of the Poisson process (/V;);. The well-known
trick to solve (2.4) is to choose p = &1, solution of the Lundberg equation
§+ X1~ CE = Afx (6), (2.5)

where the roots of (2.5) are & = p > 0 and & = —R™* < 0. Note that these two roots are function
of §, and when § = 0, we have p = 0.

Finally, we obtain the following renewal equation by integrating (2.4)) with respect to u

Ps = @5 * g+ h, (2.6)
where * stands for the convolution product, g(x) = % O+°° e P fx(z + z)dz and

h(z) = % f;_oo e P y(2)dz.

2.1.2 Solving the renewal equation with the Laplace transform

Applying the Laplace transform on both sides of the equation ({2.6]), we can solve (2.6))

n(€)
1-3(¢)
+oo

= > @) 1),

n=0

Ps(§) =

where the Laplace transform of g and h are

A o 2 ABE) - 8()
€)= =g (Fx(©) ~ Fx(p) and (&) = ==
So, the Laplace transform of ¢; is
s(6) = ABE) () . (2.7)

elp—€) = A(fx (&) — Fx(p)

The last expression can be simplified when we consider the penalty function w(z,y) = 1. Indeed,
we have in this special case

o) = g (F0-Tr@)+ 2 - ).
Hence with w(z,y) =1,
Sa(6) = ML= Ix(€) +E06 = Cp)
€001 — Fx(6) +0 — c€)
from which we can derive the Laplace transform of the ruin probability with 6 = 0,
> A 1-EX]E— fx(§)
e ey

(2.8)

Dickson| (1998) emphasized that the functional equation (2.3) can be solved directly through
its Laplace transform .

*. R, called the Lundberg coefficient, plays an important role later
t. cf. appendix
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2.1.3 Some explicit results on the joint density of U.- and |U,|

In this sub-section, we focus on the results on f(z,ylu) and f(x|u), respectively the joint
density of U,- and |U;|, the density of U,- with initial surplus Uy = u. We have by definition that
F(x|u) = [T f(x,y|u)dy, which can be simplified to

0
_ f@u)fx(z+y),
) = TGS 29)
In the special case when u = 0, we have
Fle,l0) = Je P+ y) and f(zl0) = Se " Fx(a), (2.10)

where Fx stands for the survival function of X. With the previous results, we have an explicit
result for ¢5(0) when the penalty function w(z,y) =1,

+o0
est0) = [ saios =1 £ My

There is a relation between f(z|u) and f(z|0) (so f(z,y|u) and f(z,y|0)) that was first found
by Dickson| (1992)) in the special case where § = 0. This relation was extended by (Gerber & Shiu
(1998)) for all § > 0, where the ruin probability 1s(u) is defined by E [6*57+9UT1(T<+00)/U0 = u] f,

el —hs(u .
f(x]0)= wél(:ipjzoi)%(u) fo<z<u

where f(x|0) is given by (2.10). An expression of f(x,y|u) in function of f(z,y|0) can be derived *

eP —ps (u) .
fz,ylu) = f(CU,Z/‘O)W ifr>u>0
: ﬂ%MQQWSJ@%M f0<a<u

where f(x,y|0) is given by (2.10).

2.1.4 Exponentally distributed claim sizes

Now let us study the case where claim sizes are exponentially distributed X ~ &(5) (i.e.
fx(z) = BeP*). The Lundberg equation (2.5) becomes

CE +(CB—6—NE— B3 =0, (2.11)

x. cf. equation @ in the next section with a = 1.

1. the explanation about this defintion of the ruin probability when § > 0 will follow in the sub-section on
martingales.

1. cf. equation in the next section with a = 1.
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. - — 00— 2 . . . .
which leads to p = ATO—Chty (gg O-A*+4CH 2. R can also be found from this equation, but it is not
particularly useful, since we have an explicit formula of the ruin probability. We have the following

results
AB —By

CB+p°

where p is given just below. Furthermore, when the penalty function w(z,y) = 1, we have

e~ PHAT=BY and  f(x]0) =

a0 = 2

A

©s5(0) = CB+p)

In this easy example, it is possible to derive the ruin probability ¥o(u), by inverting its Laplace
transform given in ([2.8)). Indeed, (2.8)) becomes

S A me—s 1=
Yo(§) = € NG5 -0t - CEB+Y)
_% A 1

= — X —
A=CB)§—-0C&  pC~ CB-A+E
Hence, we find the well-known formula of the ruin probability

Yo(u) = e,

BC
where v = Cf — A > 0 because of the positive safety loading constraint E[X — CW] < 0. When
0 > 0, we can’t invert easily the Laplace transform of 5. But as we will see in the subsection [2.1.6
we have

B R —Ru
7%(“) l3+p ;
with
A+8—CB+/(CB—6—\2+4C35 CB—A—0+/(CB—6—)\)? +4Cﬁ5
- 20 and It = 2C

At last, |Gerber & Shiul (1998) get the expression of f(z,y|u) and f(z|u)

flalu) = € (B +p)er — (B R)e ] ifz>u>0
M) o= [oRe — g=p] =P ifo<z<u’

and

:L' y|u C(giR)e_PIe (z+y) [(6 + p)epu _ (ﬁ _ R)B_Ru] ifr>u >0 |
@((glg)eiﬁ(ﬂy) [eftr — empr] e~ iu ifo<z<u

Let us notice that f(z|u) can be obtained either by integration of f(z,y|u) or using the fact
f(@,ylu) = f(zfu) fx(y) when X ~ ().

*. cf.
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2.1.5 Asymptotic results

From the renewal equation (2.6)), one can apply the key renewal theorem *. We are in the case

-~

of a defective renewal equation, hence R > 0. So the equation f(—R) =1 is the Lundberg equation
(2.5) and R = —&;. Therefore, we have the following asymptotic result for

h(_R) —Ru
ws(u) 4;0 me R )

which is equivalent to

- A f0+oo 0+OO w(z,y) (e —e=P?) fx(x + y)da:dye_Ru
I -A (fAX)/ (-R)-C

ps(u) (2.12)

From the previous result (2.12)), we can derive asymptotic results for f(x,y|u) and f(x|u)

[z, ylu) ~ )\(eRz — eipw)fX(x + y)e_R“ and f(z|u) ~ )\(eRf’f - eipx)?X(w) e v

() r - = () -r)-c

)

which yields to, when X ~ £(3)

)\ﬁ(eRx _ e—p:c)e—ﬁ(x-i-y)
NB-R)?-C

Rx _ _—px\T
e~ and f(x|u) I~ e ¢ ") Fx(2) R

f(z, ylw) Lo o —A3(B—R)2-C ¢

In the special case where the penalty function w(z,y) = 1, the equivalent in +o00 (2.12)) becomes

) 1 1 _p. C — \E[X] o—Rut

valu) 1, ) (fx)/(—R)—C’(R o -A (fX)l(—R)—O

)

which yields to, when X ~ £(3)

2.1.6 Martingales

As we have just seen, the adjustment coefficent R or the Lundberg coefficient plays a key
role in the previous sub-section, since it is the constant that makes the equation a proper
renewal equation. Furthermore, |Gerber & Shiul (1998) has provided another interpretation for the
adjustment coefficient with martingales*.

*. cf. appendix
1. which is called the Cramér-Lundberg approximation in the literature.
i. cf. the appendix for the definition of a martingale in a continuous time
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Let us define the process (Ve;); as (e‘5t+5Ut) >0 DBecause of the stationary and independent

increments of the surplus process (U;); 8, (V) is a martingale if and only if

E [e_6t+§Ut Uy = u} = efu, (2.13)
This equation is equivalent to the Lundberg equation. Indeed, we have that the left-hand side of
(2.13) is given by

E [ eIV 7y = u} — Ot (urC p [66&} _ Ottt At(fx (6)-1)

since (S¢): is a compound Poisson process of parameter A\. Hence, ([2.13]) is
—8t + E(u+ Ct) + At (fx (€) — 1) = &u,

which is the Lundberg equation (2.5). Hence, either p or —R makes (Vg;); a martingale. This
explains the definition of the ruin probability when § > 0, F [6*57+pU71(T<+OO) /Uy = u] (i.e. w5
when w(y) = e”Y), which is the usual definition P(7 < 4+00/Uy = u) when 6 = 0.

As we want to calculate the quantity F [e‘éT_RUTl(T<+OO)/Uo = u], one may wonder if the

equality ([2.13]) still holds for the ruin time 7* (a stopping time), when £ = p or —R. Hopefully, it
holds thanks to the optional sampling theorem . That is to say

e’ =F [eiéT*RUT/UO = u} =F [ede*RUfl(T<+oo)/Uo = u] +0,
thus we have this useful formula

B e M 1o /U = u| = e, with 6 20, u 0. (2.14)

Furthermore, Gerber and Shiu give a probabilistic interpretation of the quantity e *(*~%) in
their article |Gerber & Shiu (1998). They define the stopping time T} as inf(¢ > 0,U; = x) with
x > Uy = u (i.e. the first time the surplus crosses the barrier level x). Again, they apply the
optional sampling theorem* on the martingale (V,;):. So we have

e =FE [e_éT”‘”’UTz/UO = u} =e™E [e_éTx/Uo =ul,

which is equivalent to
E [e_‘st/Uo = u} = g~Pla—u),

The last equality is the Laplace transform of the random variable T, (i.e. Laplace transform of its
density). From this result, one can obtain once again the formula of the sub-section where
the quantity e#* appears in almost every equations.

Finally, the authors get the Laplace transform of the finite ruin probability, which is defined as

Y(u,t) = P(r < t/Uy = u),

cf. the appendix
defined by

cf. the appendix
cf. the appendix

4+ == %X won
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and
N e I L Ap(1 = Fx (&) + €00 Cp)
0 =2 Eu—dt ) dudt = — >/ ,
Ben® [ [ e sttt = g A1 Fx(€) — &
and so
Beoy= L UE

AL — fx(€)) — €’

29

where ¢(u,t) ¥ (u,t) stands for the survival probability.

2.1.7 Exponentally distributed claim sizes (Continued)

We already present some results when the claim size X is exponentially distributed £(f).
First, we will show the explicit formula of the ruin probability when § > 0. Since f(z,y|u) =
f(z|u) fx(y)*, we have by the relation ([2.14))

E [67671(T<+OO)/U0 = u} = g ; RefR“.

Thanks to the previous formula and f(z,y|u) = f(x|u)fx(y), we can obtain explicit formula of g
when w(z,y) = w(y) :

ﬁ_R —Ru
3 .

+oo
25(u) = B [e w02 )Ly o) [T = ] = /O wly)Be=Pody

This yields to
ps(u) = B(B)(B — Rye ™,

from which we can derive the ruin probability 15 when w(y) = e

- R
= L e fu,

Ys(u) = E

If we compare this relation to ¥y(u) = 6_7“, the relation is not obvious. But since p and
—R are roots of the Lundberg equation (2.11]), which is in this case quadratic, the product (—Rp)
and the sum (p — R) of the roots are respectively —TM and 8 — 5%\ f. In consequence, the following

equality holds

B—-R A ;
B CB+p)
Thus, it follows
__ M ru_ s _ A L Ru

*. which follows from l}

f. If 21 and 2 are roots of the second order equation aX? +bX + ¢ = 0 (a # 0), then we have z1z2 = < and
1+ 212 = —g.

1. since we have (8 — R)(B+p) = B° + B(-B+ ) -2 =2

§. 0=0=p=0.
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2.1.8 Explicit expressions (Continued)

In the sub-section we have seen that f(z|u) ¥ and f(x,y|u) | depends on 5. So explicit
expressions of the ruin probability 15 implies explicit expressions of f(z|u) and f(z,ylu). An
explicit expressions of 5 can be derived from s by locating its singularities. Since we have the
following

9(&) —9(p)
(1-3(&))p—¢)’

derived from the Laplace transform of the renewal equation (2.6)) and the definition of h. Hence,
s is rational if and only if § is a rational function. From the previous equation, it follows the
singularities of 15 are exactly the roots of

bs(€) =

g§) =1. (2.15)

This equation can have multiple solutions if we consider the complex solutions. Note that —R, the
adjustment coefficient is a root of (2.15]), but not p, since g(p) = 15(0).

Using the Heaviside’s expansion formula*, the authors get that

m

bs(w) =" lim (€ + ry)vs(€)es,

5
1 E——ry

where (—7k)1<k<m stands for the distinct roots of (2.15)), when 7, are simple roots (i.e. multiplicity
equals to one). This leads to

o - :q\(*rk) - §(p) e TkY
) =2 (210)

using the previous expression of ;.

2.1.9 Mixture of exponentials or the hyper-exponential

Let us consider the case where the claim sizes X are distributed according to a mixture of
exponentials. That is to say

fx(x) =" A;Be ",
j=1

where 0 < 1 < -+ < fBp, A; > 0and > A; = 1. We have
i=1

oo AR

9. the density of U,.- knowing Uy = u.
||. the joint density of U,- and |U;| knowing Uy = u.
x. cf. the appendix
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thus the Lundberg equation (2.11)) becomes

" AB;
S+A—Ce=2Y" 50
i ¢ ;@Jrf

Let (—rk)1<k<m be the roots of the supraequation, which are supposed to be distinct and simple.
We recall that
. A;Bj
g(¢) = E S
( C(p - C BJ +£) BJ + p)

from which we have,

T _§(£) ./g\ ]BJ
ME) == CZ B+ 25 8

and

A Z J/BJ _
C = ﬁ] +§ /Bj +p)
Therefore we get from the relation
A8,
m El B o (Brr)
dslu) = = e, (2.17)
k=1 S —
(Bi—rk)?(Bj+p)

J
This formula slightly simplifies when § = 0 (Which implies that p = 0),

M

(/BJ _Tk)
e—'rku’

do(u) =) !

7_71
k=1 ; /BJ 7rk

that has been known for many years. In |Gerber & Dufresnes (19910), we can find a proof that
m

Y(u) = > Cre™" ", a special case of ([2.17]).
k=1

2.2 Proportional reinsurance and analysis of ruin measures

In the previous section, we try to summarize the main results of the heavily dense article of
Gerber & Shiu/(1998). If some parts may have seemed unclear, full explanations will be given in this
section, that will extend the previous one. As the overall focus of this memoir is reinsurance and
ruin theory, we want to add reinsurance into the Gerber-Shiu analysis of the expected discounted
penalty function in the Cramér-Lundberg model.

We focus on proportional reinsurance per risk, where the insurer keeps a of his risk, the rest
is transfered to the reinsurer. So after reinsurance, the aggregate loss of the insurer is Sy(a) =
SN Xi(a) = aS;. So the surplus process is

U =u+ C(a)t — aSy,

where C'(a) is the premium rate net of reinsurance, and a €]ag, 1] * the retention limit.

*. cf. chapter 1
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For the moment, we do not need to specify the premium principle calculation. As|Gerber &
Shiul (1998), we consider that (S;); is a compound Poisson process of parameter A (in particular
we have the independence between claim size and claim frequency).

Before finding the renewal equation, we have some properties on X (a)

1>

Fx()(r) = P(aX <z) = FX(%% Ix@(x) = éfx (%) and  fy()(€) = fx(af).

2.2.1 A renewal equation for ¢,

Again we denote by fu(z,y,t|u), the joint density of U?_, |U?| and 7 knowing that Ug = u, i.e.

one might write fg‘él_:,rww (z,y,z). Let us notice that f, is a defective density, since

+oo +o0 +o0o
~ [T fatevethuydadyde < 1
0 0 0

because we suppose that (Uf); has a strictly positive drift.

We temporaly drop the index § on ¢ to simplify the notation. As in the previous section,
we define f,(z,y|u) as the joint density U?_ and |U?| knowing that Ug = u. Then the expected
discounted penalty function is defined by

4

palu) £ B [T w(UL U <400y /UG = 1] (2.18)

To get the functional equation, we condition on interval [0, h] by the fact that there is a claim or
not. Remarks, that the probability there are two claims on [0, h] is o(h) since (IV;); is a renewal
process with continuous inter-occurence times. From ([2.18), we have

falt) = B | Tw(UL, U1 (rc i) /UG = u]
= B[ w(U [UZ)1 (< 100 /U§ = 1, Ny = 0] P(Ny, = 0)
+E [e*%(U;},, UD1 (rws00) /UG = 1, Ny = 1] P(N, = 1)

= e_(’\+5)h<p57a(u + C(a)h)

+oo
| E[e”(“”w(rf:ﬂ|U:f\>1@+t<+oo>/vf=u+c<a>t—x} A fx (o))t
0 0

u+C(a)t
— (Ao wa(u + C(a) / / ©a(u+ C(a)t — x))\e (A+9) tf (7) dﬁdt

/ /u+0(a)t w(u+ Cla)t, @ — Cla)t —u)de ™ fx (a> dz
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Now we differentiate the previous relation with respect to h. We get *

a@a(“)
oh

—(A+8)e” Ay (w4 C(a)h) + e~ M ORC(a) g, (u+ C(a)h)

u+C(a)h
—i—/ ©a(u~+ C(a)h — z)re” MO fy < > dx
0 a

a

oo —5h —\h du
+A%Wme wu+ Cla)h,x — Cla)h — u)re M fx ()a.

By taking h = 0, we obtain the equivalent functional equation of (2.3)) when we take into account
proportional reinsurance

__ / Y o de /*‘” _ )y dz
0= ~(\+ D)pa(w) + O + [ uu—onsx (3) T+ [ wwr—wnn (2) 5
which is equivalent to

Golw) = T — g | wntu—orx (5) T - g (219

where wq(u) = [ w(u,x —u) fx (2) <.

Then we multiply both sides of (2.19) by e™#" for some positive p. Using ¢, ,(u) 2 Yalu)e P*
and QOZW)(U) = (Piz(u)eipu - p(Pa,p(U), we get

Cla)elpfu) = A48 = CPIgan(@) =X [ gl =00 i (£) T = 2 )

[0 a

We now impose p to be the root of the following equation
A+ 38— C(a)é = Afx(af), (2.20)
where the roots are {§ = p > 0 and & = —R < 0 as in |Gerber & Shiu (1998). Hence, from ([2.20))
the integro-differential equation becomes
I “ x da u
C(@)¢l,,p (1) = AFx (@p) Pap(u) — A /0 Caplu— ) fx (D) L A, (221)

a

b

As we want to simplify the terms with “p, ,” in the right-hand side, the goal is to make appear
the Laplace transform of fx. So, we integrate the right-hand side term with respect to u between
0 and z > 0,

Afx(ap)/o Gapl du—A/ / puplu— ) x (2) Lo —A/

By changing the variable and the order of integration, we have

/OZ /Ougoa,p(u—me—”fx (5) %4 / / Gaply)e " fx ( )ydu
[ e ()
= /OZ‘Pa,p(y) /Oz_y e fx (a) d—xdy

*. cf. the appendix on differentiation of functions defined by integrals.
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Since fou e P fx (%) %x = fX(ap) — fu+o° e Py (%) %"E, we get that

/OZ /Ou Pap(u—z)e P fx (%) %xdu = /OZ Ca,p(y) (fx(ap) - /:oo e " fx (g) ij) dy.

-y

Therefore, integrating the left-hand side of (2.21) and using the latter developments on the
integration of the righ-hand side of (2.21)), we get

C@enn() a0 = [ euglo) [ s (2) By [T ranian, 22)

—y a

when z — +o0, we get

+o0o
0 = ¢q(0) — C’?a) /0 e Pwg(u)du.

Since Ga(p) — [ e Pwa(u)du = [ e Pwy(u)du, we get from (2.22)

—+00

Cla)eusle) = [ “euslw) [

iy () 2 )\/ Py (u)d
[ g (2) iyr [ i

multiplying by e”?, it follows

A : * x\ dz A Foo
— —p(y+z—=2) s —p(u—2)
va(2) C(a)/o sﬁa(y)/z e Ix (a) . dy + C(a)/z e wq (u)du.

-y

Finally, the renewal equation which extends ({2.6]) is

Psa = Ps,a * ga + ha, (2.23)

where * stands for the convolution product,

and

2.2.2 Solving the renewal equation with the Laplace transform

The usual way to solve ([2.23)) is to take its Laplace transform. So, the equation ([2.23)) becomes

~

a

1—0a

5,0 = Pafa + ﬁa, which is equivalent to @, =
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Let us work on the Laplace transform of g, and h,. We have

)\ +o00 400 T dZE
= — —&z —p(z—=2) bl Wtd
20 C(a) /0 ¢ /z ‘ Ix (a) a dz
A oo x z\ dx
— —px —8z pz i
C(a) /0 ‘ /0 ¢ etdzx (a) a

+o0 (p—&)z _
e () )

A Y —~
= =8 ) ~ Frw ).
and
R 400 o0
ha(§) = C?a)/o e / e Doy (u)dudz

>

= m (‘Da(g) - ‘Da(p)) )

where w, (u) = fu+°o w(u,x—u)fx (£) %x. Subsequently, the Laplace transform of the Gerber-Shiu
function is N N
M@a(§) — Wa(p)) )
Cla)(p = &) + Mx(@)(p) = Afx(a)(§)
Finally, using the fact p is a root of the Lundberg equation (2.20)), we have

Gy B ~Bulp)
© €@+ A+ Axw(©)

aé,a =

(2.24)

If we consider w(z,y) = 1, we have

hence, 0, (&) = a%X(aﬁ) = %—%fx(aé), using f/(€) = £f(€)— f(0)*. Since A+6—C(a)p = Afx(ap),

we get
Ty A (1 1 0 Cla)
1) = Sl -8 (5 AR VI )

Therefore, with w(z,y) = 1, the Laplace transform of ¢ ([2.24])) becomes

2(1 - fx(ag)) + £ - Cla)
A1 — fx(ag)) +06 — Cla)¢’

*. when the Laplace transform exists s, cf. appendix

‘1/56,(1 =




2.2. PROPORTIONAL REINSURANCE 69

which extends (2.8)). And when 6 = 0 (that implies p = 0), we have
20— Fx(a€) + MaE[X]
A1 = fx(af)) — C(a)é

If we use |Dickson| (1998), we can derive the Laplace transform of the solution by taking the
Laplace transform of (2.19))

C(a)#5.0(0) ~ ABal€)
C(a)é — (A +6) + Afx(a) (&)

since f’({) = 5]/”\({) f(0)T. But to obtain the equation , we need to know 0 = ¢,(0) —

f o0 gmpuy, o (u)du, which was obtained as a limit of the functlonal equation of ¢ .

@5,61 (5) =

2.2.3 Martingales

As presented in |Gerber & Shiu (1998), the roots of the Lundberg equation has a very pleasant
property on the process (V¢ ); defined by (e5t+5Uta ) ;- For the same reason used in the process
V' is a martingale if and only if

E [e_dtﬁUta/Ug = u} = et

Once again, we use the fact that S; is a coumpound Poisson process of moment generating function
Mg, (&) = Gn,(Mx(&)), where Gy, stands for the probability generating function. Thus, the
“martingale condition” yields to

—3t +&(u+ C(a)t) + At(fx (ag) — 1) = €u,

which is the Lundberg equation (2.20). Hence, (V,+); and (V_p;); are martingales. We are now
able to define the ruin probability when ¢ > 0,

wd,a =FK |:e_6T+pU$1(T<+oo)/U(()l = u] :

Since for all 0 <t < 7, §t + RU{ > 0 and hence 0 < e 9T—RUZ < 1, we can use the optional
sampling theorem * with the stopping time T,

E [67‘57*3@? Lireto0)/Ug = U] =e M, (2.25)

which generalizes (2.14)). In the same way, we can have the corresponding relation with the stopping
time T and p.

Finally, as in |Gerber & Shiul (1998), we have an explicit expression of the Laplace transform
of the finite time ruin probabilities. Indeed, the finite time ruin probability v, (u,t) is defined as
P(r < t/U§ = u), and its Laplace transform

a(€,0) = /0 m /0 +oo e840 (u, t)dudt.

t. cf. appendix

x. cf. the appendix
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We have the following relation between the discounted penalty function and $Q(§ ,0) %@) when

w(z,y) = 1. Thus, we have

Using the survival probability ¢, (u,t) =1 — 14 (u,t) (i.e. gga(f, 0) = % — @a(ﬁ, ) T), one can obtain

the Laplace tranform of gga.

2.2.4 Some explicit results on the surplus prior ruin, the deficit at ruin and the
ruin probability

In this sub-section, we give our interest on the joint density of the surplus prior ruin U?_ and
the deficit at ruin |U2|. At the beginning of this section, we denote by f, the joint density of the
surplus prior ruin U?_, the deficit at ruin [U¢| and the ruin time 7. Here are some properties of f,

— for z > u+ C(a)t, fo(x,y,tlu) = 0, since the event {U? > u + C(a)7} is equivalent to
{0 > aS;};

— when x = u + C(a)t, we have that 7 = Wj (ruin at the first claim), which implies that the
differential f,(u + C(a)t,y, t|u)dydt = )\e*MfX(a)(u + C(a)t + y)dydt;

B _ [+ [x(a)(z+y) P a _ _
fa(zyy, tlu) = ( 0 fa(x,z,t\u)dz> Fr(@) by conditioning on U?_ =z and 7 = t.

Let fo(,y|u) be the joint density of U? and |U?| defined as fq(z,ylu) = f0+°o e O fu(x,y, tlu)dt.
Thus, we have

+0o0 +o0o +00 n
/ e fol, y, tu)dt = / e </ fa(x,z,t!u)dz> dtw

FX(a) (LE)
fX a (33‘ + y)
& fala,ylu) = falzlu) X2 T (2.26)
FX(a) (‘T)
The last relation ([2.26]) (which extends (2.9)) will have strong consequences in this section.
Using the renewal equation (2.23) in v = 0, we have ¢;, = h,(0), which is equivalent to
+oo +00 A +oo +oo
| [ vy = o [ [ wwn— o fx (wduds
400 p+too +oo  p+oo e PT
o [ [ wease sty = [ [T we) Fo e+ vy
0 0 0 0 C(a)
Hence,
Ae PE T4y e PP_  rx
o(x,y|0) = (z|0)=——Fx(—). 2.27
fotonl0) = St (TE) = o) = s P () (2.27)

This extends the corresponding relation (2.10]) without reinsurance and where F x stands for the sur-

vival function. Integrating the last expression with respect to z, it yields to ¢54(0) = %QFX ()

t. cf. appendix
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for w(z,y) = 1. Using a%x(af) = % - % x(a€)* and the fact p is the solution of the Lundberg
equation (2.20), we get
Cla)p—246
©05,4(0) = —=7—~— for 6 > 0,
0= "¢y
with the special case where § =0
a\E| X
Soé,a(o) = C(([L) ]

The last two equations extends what was found without reinsurance.

As seen in the first section, there is a relation between f,(z|u)* and f,(x|0) (so fo(z,ylu)T
and fu(x,y|0)). As defined in the sub-section the ruin probability for all 6 > 0 is defined by
Ys(u) = E [e707 U7 L(r<t00)/U§ = u]. With this definition, we have the following relations

Pt —ys(u) .
fa($|u) _ fa(l’m) ;z_q/}&(o) ifz>u>0 |
fa(z]0)< %1(526)%(“) f0<z<u

where fo(2|0) is given by (2.27). An expression of f,(x,y|u) in function of f,(z,y|0) can also be

derived

Pt =15 (u) .
fa(l' y\u) — fa(l'yy‘o) /L_wé(o) ifx>u >0
| fa(z,y]0)= ¢61(Z;bfg(;)w5(u) ifo<z<u

where f,(z,y|0) is given by . The demonstration, which uses stopping times defined as a
upcrossing of barrier levels, has been put in appendix In the previous results on the ruin
probability, we don’t explicitely put the link with the retention rate a (because of the numerous
indexes), but they depends on a.

Finally, we have an explicit expressions of the ruin probability 15, in the following special
case. As used by Gerber and Shiu, an explicit expression of 15, can derived from locating the
singularitiesof its Laplace transform. When the penalty function w(z,y) = e Y (i.e. ¢ is the ruin

probability), we have
+o0
_ —pla—u) p(EydT _ o\ Cla)
anli) = [ e (DT = o) 52,

Using the definition of ﬁa(§)7 we get
~ +00 400 N PN
@)= [ e [T ey, hauds - 2EZ000)
0 2

consequently, it yields to
:q\a(g) — /g\a (P)
(1=3a()(p— &)’

which implies that the singularities of @E&a are the roots of g,(§) = 1.

{/}\6@(5) =

x. cf. appendix that f'(s) = sf(s) — £(0)
*. the density of U _ knowing U§ = u.
T. the density of U?_ and |U;| knowing U§ = u.
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Using the Heaviside’s expansion formula?, we get
Ps(u) = lim (£ + ) ¥s,a(E)e,

where (—rg%)1<k<m stands for the distinct roots of (2.15)), when r,j are supposed to be simple
roots (i.e. their multiplicity equals to one). This leads to

Z —— ha(—Tq)e TR (2.28)

k=1 a Tak)

2.2.5 Asymptotic results

As done in |Gerber & Shiu (1998)), we derived some asymptotic results using the key renewal

theorem *: —
ha(_R) —Ru
Ps,a\U SRS ’
" % TG R
N N/

where Tia(—R) = m (@a(—R) — @a(p)) and (ga)' (—R) = m <<fX> (—aR) + CE\a))
It yields to N ~
M@a(=R) =©a(p))  —Ru (2.29)

= (Fx) (-aR) - Cla)

QOEa( )

In consequence, the equivalent (2.29)) generalizes those of sub-section m as those that follows.
Thanks to the definition of w, and the definition of the expected discounted penalty function (2.18|),
we can identify the equivalent of f,(z,y|u). Indeed, we have

“+oo +oo
Ba(—R) — Balp / / w(z, y) (e — e) fyo (@ + y)dady.

Hence, we obtain

M e (28) g,
fa(x,y\u) J:;o 7 ( ) e !t
2 (fx) (aR) = C(a)
by integrating with respect to y, we get

)

Rx _ _—px\T x
fa(:c\u) ~ )\(6 e’ )FX (a) efRu‘

A () (am) - Cla)

And finally, we take the special case where w(z,y) = 1, the equivalent (2.29) becomes
SU/RE1/p) .
~ !/

¥ A (Jx) (~aR) - C(a)

using the value of hq (&) in —R when w(zx,y) = 1 developped in sub-section m

1. cf. appendix|B.§
*. cf. appendix

906(1( )

9
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2.2.6 Exponentially distributed claim sizes

We consider in this sub-section that the claim sizes X follows an exponential distribution £(/3).
First, the Lundberg equation (2.20) becomes a second order equation

aC(a)e? + (C(a)B — a(d + N))E — 36 = 0. (2.30)

The discriminant is A, = (a(d + \) — C(a)B)? + 4a36C(a), which is positive Va €]ag, 1]. Thus, the
roots p and —R are

_ B+ N - Cla)f+ VA, Cla)f = ald + ) + VB,

= = 2.31
P 2C(a)a nd R 2C(a)a (2:31)
Since fX(a) €)= Bfaé’ the relation (2.24]) becomes
~ M@e(§) —@a(p))
©s.a = 3
—§C(a) + )\ + (5 )\m

In the special case where the penalty function w(z,y) = w(y), we have w,(z) = %e_%@ (g)

Thus, we obtain

Therefore, it yields that

AF® §> p—¢
aé(A\+ 6 —C(a)) + 6B % Bla+p

9/56,a (f) =

One way to obtain explicit of ruin probability v, is to brutally invert the previous Laplace
transform when w(x,y) = 1 and § = 0. This was done in the previous section with a = 1. We
will use the method, that Gerber and Shiu used in their article. Applying the result ([2.25]) of the

martingale part, we have
E [e_éT_RU$1(7<+OO)/U6’ = u] = ¢ By,
From the explicit results part, we have
fx@(@+y)
fol@,ylu) = falalu) =22 = fo(alu)
FX(a) (CE)

Thanks to the independence between U?_ and |U?| (cf. the supra-relation), we have the following
interesting result

5 _ By
—e
a

o = fa(@|u) fx(a)(Y)-

+o0o  p+oo
E |:€_6T_RUg1(T<+oo)/U(<)I = u] - / / e_R(—y)e_‘sTfa(x,y’t’u)dtdl’dy
0 0
too  p+oo
e = [ [ R ypuydady
0 0

+oo +oo
e Ru — /0 fa(x\u)da:/O eRny(a)(y)dy

e = J?X(_aR) x E [67671(T<+oo)/Ug =u|.
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Hence,

—oT a /B_aRfu
E[e 0 1(rct00)/Ug :u} =73 e~ T,

If we do the same method with E [e_(sTw(|Uﬁ|)1(T<+oo)/Ug = u], we get an explicit expression of
sa (when w(z,y) = w(y) and X ~ E(f))

@s,a(u) =W <B> <B — R) e R, (2.32)

a a

with R given by (2.31)).

Now, we have just to take w(y) = e # (in (2.32))) in order to have an explicit of the ruin
probability 15 4(u).

_ B —aR —Ru
w&,a(u) - 5 + ap € ’
since W (g) = ﬁrp' As —R and p are roots of (2.31)), we have
—ip B o+ A B B BA
Bp C(a)a and p— R a C(a)’ enee (a R)(a +r) aC(a)
Therefore, we have
5)‘ —Ru aX —Ru
o) = ——— e = o) = e , 2.33
oalt) = alt) = o (233)

with p and R given by (2.31) (and R(6 = 0) = 2 C)‘ ).

a  Cla)

Furthermore, the whole sub-section becomes in the case of exponentially distributed claim
sizes

—px —px
Ae _gty Ae B

aC(a)ﬁe © = Jolal0) = C(a)

The following terms are used in the expression of densities f,(z,y|u) and fu(x|u)*

fa(l‘a y\O) =

e —s(u) (B +ap)e™ — (8 —aR)e g Cslu—2) —ds(u) _ (B~ aR)e” (e(p—i-R)x B 1) '

= a _
L= 45(0) alp+ R) 1~ 5(0) a(p+ R)
Thus, we get
Ja(z|u) c@atrm ¢ e ((B+ap)er — (B —aR)e™ ™) ifz>u>0
o T|u) = . ax - B ' 7
Cloratpme "5 (e —emp) et i£0<a<u
and
f (x y|u) _ mefg%e_lm ((5 + ap)epu — (6 — aR)e—Ru) lf > u Z 0
o cerge " (e — o) e h ifo<z<u

Finally, we are able to derive the equivalents discussed in the previous sub-section. The equiv-
alent of f,(z,y|u) and f,(z|u) can be directly derived from the expressions above when 0 < z < u,
since the only term depending on u in those expressions is the exponential bound e f*. The
equivalent of ¢s,(u), given in the previous sub-section, is a special case of the relation . The
equivalent are not particularly useful since we have explicit expressions.

*. cf. sub—sectionm



2.2. PROPORTIONAL REINSURANCE 75

2.2.7 Hyper-exponentially distributed claim sizes

In this sub-section, we analyze the case where claim size distribution is hyper-exponential
(also called a mixture of exponential in the literature). Using the different characterizations of the
mixture of exponential recalled in the sub-section and the properties of claim size distribution
with proportional reinsurance (listed at the beginning of this section), we have

fX(a)(x):Z#e @ )

=1

n
where 0 < 1 < -+ < fBp, A; >0and > A; = 1. We have
i=1

-> 5
B] + a§
Therefore, the Lundberg equation (2.30) becomes

S+ A—C¢ = AZB f;g
J

Let (—7k,qa)1<k<m be the roots of the supraequation, which are supposed to be distinct and simple.
We recall that

~ __)‘(fX( (f) fX a) 7>\ = ]B]
%a(8) = Clr—9) OZ:@+@¢wmm

Using the Laplace transform of fx(,), we have

T (5) /g\ a2/\ = ]/8]
hae) = IS Z9W) _ @A
= T LB G e
and
a? )\ — A;B;

(Ea)’(f):_ﬁ 1(B]+a§) (,Bj—f-ap).

Therefore we get from the relation ([2.28))

S A;Bj

m j=1 (6J+‘1P) (6j—(17"k,a)

Ysa(u) =D v e Tkat, (2.34)
_ iP3
k=13 (Bj—ark,q)?(B+ap)
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2.3 Impact of proportional reinsurance on the surplus prior to
ruin and the deficit at ruin

In this section, we will give our attention on the surplus prior to ruin and the deficit at ruin.
Numerical applications of these two ruin measures are carried out.

2.3.1 Exponentially distributed claim size

We suppose that the claim size X follows an exponential distribution £(3). We know from the
previous section that the density of U,- and the density of |U;| knowing U§ = u are

f ( ’ ) me_ﬁgeipx ((ﬁ + ap)epu - (5 - a/R)eiRu) If Tr>u Z 0
e %6_[3% (et —emrr) e i ifo<z<u

and

)6*5% ((B+ap)e’™ — (B —aR)e F) ifz>u>0

A8
* C(a)a(B+a R
Ja(ylu) ™ = { ( )A(ﬁm e if0<z<u

__ A8 Bz
C@(BFap)¢ €

Note that these notations are confusing, because f,(x|u) denotes the density of the surplus prior
to ruin U,-, and f,(y|u) the one of the deficit at ruin |U-|.

In the numerical applications, we suppose that 6 = 0 (which implies that p = 0) and the
premium is calculated according to the expected value principle’. We denote by n = 0.2 and
nr = 0.3 the respective loading coefficients of the insurer and the reinsurer. And we set § = 2 and
A=1.

As expected, the reinsurance greatly mitigates the risk in the sense, the probability, that the
surplus prior to ruin is “big”, is smaller with reinsurance than without. Hence, as shown in figure
the surplus prior to ruin is concentrated near its mean* with a = 0.5, whereas a = 1 (no
reinsurance), the tail of the distribution of the surplus prior to ruin is bigger.

Second, we observe the same effect of reinsurance on the deficit at ruin in figure Note that,
the density of the deficit at ruin is an exponential function, unlike the surplus prior to ruin, which
is a combination of exponential functions. Finally, we notice logically that when the initial capital
u increases, both the surplus prior to ruin and the deficit at ruin decreases.

x. got by integrating fo(x,y|u) w.r.t. z.
1. cf. the equation 1) of the previous chapter
1. which is ﬁ(l —e ™), obtained by integration of fu(x|u).
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Figure 2.1: Graph of z +— f,(z|u) when claim sizes are exponential
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Figure 2.2: Graph of y — f,(y|u) when claim sizes are exponential

2.3.2 Hyper-exponentially distributed claim size

The study of the distribution of the deficit at ruin and the surplus prior to ruin can be carried
out when there is an explicit expression of the ruin probability *. An explicit expression has been
found when claim size is hyper-exponential (also called mixture of exponential), so we can study
the impact of reinsurance.

*. cf. subsectionm
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For the numerical applications, we will take the example of Actuarial mathematics*, where
fx(x) = 4 (3¢73* + 7e7™) and A = 3. We know in this case that the roots of the Lundberg
equation are rational . And we have that the ruin probability is ¥(u) = %e‘z + %e_ﬁw (when
0 = 0 and no reinsurance). With proportional reinsurance, we can solve the Lundberg equation

(2.30). Thus, we have ¥(u) = Cre™"* 4+ Cye™"2" with

ro(3 —ary)(7 —ary) r1(7 —ary)(3 — arg)

= d =
Cl 21(1"2 — 7"1) an 02 21(’/“1 — 7“2)
where the roots are
—3+1099 4 3\/A, —3+109@ _3/A, C(a)\?
ry = - , Ty = a and A, =1+ (4 )
2C(a) 2C(a) a

Note that in this particular case, the Lundberg equation is a second order equation.

Hence, we have the following relation for the surplus prior to ruin

1-Cie "1¥—(Coe 24 .

f (m|u) = f (;p|0) 1-C1-C2 fz>u>0

¢ ¢ Cleirl(ufw+Cz€71T_2(Cl’L7_Z)CfC1efrlu—Cge*TQu f0<z<u
1 2

where f,(x]0) = %M) <673% + 677§>. The expression of the density of the deficit at ruin is a bit

more complicated

3 -34 =T\ 1=Cre 1" —Che 72" ¢ >0
5 (e a+4e a) —c—C Ir>u->
faylu) = { 2@ 4 e

ooy K (W) fo<z<u

where

_3Y _ _3Y _ _7Y _ _7Y
rCre Y% 3a  poChe U 30 poChe U Ta rCre "M Ta
K(y) =
¥ = 3—ar + 3 —ary + 7 — arse + 7T —ar; '

The results are plotted in the graphs[2.3] and 2.4l The remarks of the previous subsection still
apply. The reinsurance compress the density of ruin measures to its mean.

x. cf. example 12.10 of |Bowers et al.| (1986)
. cf. |Gerber & Dufresnes| (1991 a)
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2.4 Consequences of reinsurance on the ruin probability

Let us study the effects of reinsurance on the ruin probability. As done in the previous section,
we consider two claim size distribution: exponential £(1)* and a mixture of three exponentials
£(0.46),£(0.92) and £(1.38) with respective weights 0.1, 0.36 and 0.54 T. Expressions of ruin prob-
abilities with proportional reinsurance when claim sizes are either exponential or hyper-exponential

are derived in the subsections and (resp.).

The calculi have been done for two premium principles: the usual expected value and the stan-
dard deviation. The main difference between the “simple” expected value principle and the more
sophisticated standard deviation principle is the latter depends on the tail of the tail distribution.
In consequence, we will see the impact of the premium principles.

the probability of ruin psi(u) [expected value principle] the probability of ruin psi(u) [standard deviation principle]
— exponential [a=0.5] — exponential [a=0.5]
hyper—exponential [a=0.5 hyper—exponential [a=0.5
— exponential [a=1] — exponential [a=1]
— hyper-exponential [a=1] — hyper-exponential [a=1]

psi(u)
psi(u)

0.4

0.2
0.2

0.0
0.0

Figure 2.5: Graph of u — 14 (u)

In the figure we see the ruin probability in zero 1,(0) is greater with reinsurance a = 0.5
than without reinsurance @ = 1. This is logic since the following relation obtained in section

holds
a\E[X]

C(a) ~

which is a decreasing function of a with the two considered premium principles.

%(0) =

Furthermore, the ruin probability with reinsurance falls stronger to 0 than without reinsurance.
The functions 1) /o downcrosses the functions 1y around 6 for the exponential distribution and 7

*. thus, the mean and the variance are 1
1. thus, the mean of the mixture is 1 and its variance 1.362949
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for the mixture. Thus, beyond those values, the ruin probabilities are smaller with reinsurance
than without.

Finally, we also see that the ruin probability is logically greater with the mixture of exponential
distribution than with the exponential distribution since the variance is greater.

We can draw the same conclusions when using the standard deviation principle, but the effect
of the claim size distribution is less striking. Indeed, with a premium principle taking the variance
of the claim size distribution into account, such as the standard deviation, “heavy” tail distribution
are more penalized than the exponential claim size case. Again, around the treshold 6, the ruin
probability ¢, downcrosses the ruin probability .

2.5 Conclusion

Along this chapter, we have studied the impact of proportional reinsurance on the Gerber-Shiu
function, and its application on various ruin measures. We did numerical applications for three
of those: the deficit at ruin, the surplus prior to ruin and the ruin probability, with the explicit
expressions found when claim size distribution is either exponential or hyper-exponential.

We found that the distribution of the surplus prior to ruin is lower and less scattered with
reinsurance than without. A similar effect is noticed on the distribution of deficit at ruin, whereas
for the ruin probability, the reinsurance mitigates the risk only beyond a certain treshold.






Chapter 3

Explicit expressions of the ruin
probability with phase-type
distributions

In the ruin theory literature, the Sparre Andersen model had been studied in all its aspects.
Asmussen & Rolski (1991) introduced phase-type distributions in the computation of ruin proba-
bilities. Phase-type distributions come from the queuing theory, and are a general class of positive
random variable distributions. They are part of the matrix exponential distributions. |Asmussen
& Rolski| (1991) follows the work of Neuts, which applied queuing theory result in other fields.
A complete review of phase-type distributions in the general area of risk theory was done [Bladt
(2005).

This section is dedicated to explicit expressions of the ruin probability in the Sparre Andersen
model. So we work in a more restricted model than Chapter 1, since we assume the independence
between claim sizes and waiting times. We use phase-type distributions in the computation of ruin
probabilities for two purposes: (1) to implement ruin probabilities in the R package actuar * for a
wide range of claim size distributions and (2) to analyze the effects of proportional reinsurance on
ruin probabilities.

Phase-type distributions is a powerful tool to derive explicit expression of ruin probability in
the Sparre Andersen model. This is mainly due to the fact that the aggregate claim size S; is
phase-type when claim sizes (X;); are phase-type.

We briefly recall the Sparre Andersen risk model:

— the claim arrival process (Ny); is a renewal process;

— let (W;); be the sequence of iid.T inter-occurence times? and (Xi); be the sequence of i.i.d.
claim sizes. We suppose Vi,j > 0, X; L W;

— let u and C be resp. the initial capital and the premium rate. The surplus process is defined

*. |Goulet| (2007
1. independent and identically distributed
1. we denote by G the distribution function of W;.

83
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N
Uy :u+C’t—ZXi;
i=1
St

— defining the time of ruin 7, as the first time the surplus is strictly negative, the ruin probability

is Y(u) = P(1y < +00).

First, we present phase-type distributions, and then its application in ruin theory. Third,
we briefly present the implementation of ruin probabilities in the R package actuar with phase-
type distributions. Finally various numerical applications of ruin probabilities with proportional
reinsurance are carried out.

3.1 Definition of phase-type distributions

A phase-type distribution PH (7, T,m) (m a row vector of R™, T" a m X m matrix) is defined
as the distribution of the time to absorption in the state 0 of a Markov jump process, on the set
{0,1,...,m}, with initial probability (0,7) and intensity matrix *

0o
A= (Nj)ij = T )
0

where the vector tg is —1'1,, and 1,, stands for the column vector of 1 in R™. This means that if
we note (My); the associated Markov process of a phase-type distribution, then we have

. N )\ijh+0(h) 1fz7é]
P(Mt+h—3/Mt_")_{1+Aiih+o(h) ifi=j

The matrix T is called the sub-intensity matrix and ¢y the exit rate vector.

The cumulative distribution function of a phase-type distribution is given by
F(z) =1—nel®1,,,

and its density by
f(z) = meTt,

Trg™
n!

+o00o
where ¢! denote the matrix exponential defined as the matrix serie Y . The computation

n=
of matrix exponential is studied in details in subsection but let us notice that when 7T is a
diagonal matrix, the matrix exponential is the exponential of its diagonal terms.

*. matrix such that its row sums are equal to 0 and have positive elements except on its diagonal.
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The moments of a phase-type distribution are given by (—1)"n!7#7~"™1. Since phase-type dis-
tributions are platikurtic or light-tailed distributions, the Laplace transform exists

f(s) = m(=sLy, — T) o,

where I,,, stands for the m x m identity matrix.

One property among many is the set of phase-type distributions is dense with the set of positive
random variable distributions. Hence, the distribution of any positive random variable can be
written as a limit of phase-type distributions. However, a distribution can be represented (exactly)
as a phase-type distribution if and only if the three following conditions are verified

— the distribution has a rational Laplace transform;

— the pole of the Laplace transform with maximal real part is unique;

— it has a density which is positive on R? .

Here are some examples of distributions, which can be represented by a phase-type distribution

— exponential distribution E(A) : 7 =1,T = —X and m = 1.

— generalized Erlang distribution G (n, (Ai)i1<i<n) :

m=(1,0,...,0),
M A 0 ... 0
0 =X X . 0
=1 0o 0 -=x = 0 |
0 0 o Anet
0 0 0 0 =\

and m = n.
— a mixture of exponential distribution of parameter (p;, Ai)i<i<n :

™= (pla" . 7pn)7

A 0 0 0

0 X 0 0
T= 0 0 =X 0 |-

0 0 L0

0 0 0 0 =\

and m = n.
— a mixture of 2 (or k) Erlang distribution G(n;, A;)i=1,2 with parameter p; :

7T:(pl,o,...,o,pg,o,...,()),

n1 na
“AM A 0 0 0 0
0 "~ M 0 0 0
0 0 -A O 0 0 O
T=| 0o o0 “X A 0 0 |,
0 0 0 0 0
0 0 0 0 0 " X
0 0 0 0 0 0 =X
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and m = nq + ns.

3.2 Ruin probability

In |Asmussen & Rolski (1991]), we have the following results: in the Cramér Lundberg model,
when claim sizes are phase type PH (m, T, m), the ruin probability is given by

Y(u) = 74 9%, (3.1)

with Q =T + tomry and 74 = —%’R’T_l where A is the parameter of the Poisson process. In other
words, the ruin probability is phase-type distributed PH (71, Q, m).

In the Sparre Andersen model (i.e. arrival times have a general distribution G), the ruin
probability is still phase type PH (74, Q, m), but the sub-intensity matrix is the matrix solution of
the fixed point equation

Q= 2(Q), (3-2)
with ®(K) = T + torG(K) and G(K) = f0+oo eX*G(dx); and the initial probability is given by
_ Q-1
™+ = C]_tt() ’

where 1! denotes the tranpose of vector 1. The proofs of this result can be found in |[Asmussen
(1992), mainly based on the fact that a geometric compound of phase-type distributions is still
phase-type. The application of phase-type distributions in insurance are also well described in
Hipp (2005).

3.3 Proportional reinsurance

We can extend the previous results, if we consider the insurer takes proportional reinsurance
on his risk. As usual, we denote by a €]ag, 1] (cf. the first part for the constant ag) the retention
rate, we have that the density of the risk X (a) net of reinsurance is

1 T
Ix()(z) = Efx (5) :
If we suppose that X has a phase-type distribution PH (w, T, m), we get

1 Ta v, T
Ix@) (@) = Jmes ty = mea (= 1p).

Hence, the random variable X (a) is still phase-type distributed with parameters PH (, %, m). So,
all the previous explicit expressions of ruin probability still hold with proportional reinsurance, we
just have to change the subintensity matrix and the premium rate.
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3.4 Computation of the ruin probability

The main problems of implementing this phase-type approach is to find ) in the Sparre An-
dersen model and to compute the exponential matrix e9* in both risk models.

Asmussen & Rolski| (1991)) eases the calculus of matrix @ in the Sparre Andersen model. If the
distribution of inter-occurence times are phase-type PH (v, S,n), then we have

GK)=In®v)(~K&S) ™" (In®s0),

where ® denotes the Kronecker product and @ the Kronecker sum *. Therefore, the function ® can
be easily calculated.

However, there is an underlying issue when calculating the matrix @ as the fixed point solution
of @ = ®(Q) (with initial point 7). We don’t know if the function & is contractant. In the
literature, we didn’t find if it is true under certain conditions or wrong in all cases. So we can’t use
the Banach fixed point theorem , which guarantee both the numerical stability and the convergence
to the unique solution of . Note that the Banach fixed point theorem has the good quality to
ensure the time of convergence to be exponential.

Now let us consider the problem of computing e®*. We recall that

+oo
eQu _ Qnun

N n!

n=0

There are various methods to compute the matrix exponential, Moler & Van Loan| (2003) makes a
deep analysis of the efficiency of different methods. In our case, we choose a decomposition method.
We diagonalize the n x n matrix ) and use the identity

eQu = pePup=1

where D is a diagonal matrix with eigenvalues on its diagonal and P the eigenvectors. As we want
to compute 7,e®*1,, for different values of u. We compute

Y(u) = M m PMP 1,
=1 c

where \; stands for the eigenvalues of @), P the eigenvectors and M; = (6;1015)i; (d;5 is the symbol
Kronecker, i.e. equals to zero except when i = 7). As the matrix M; is a sparse matrix with just
a 1 on the I term of its diagonal. The constant C; can be simplified. Indeed, if we denote by X
the I*" column of the matrix P (i.e. the eigenvector associated to the eigenvalue );) and Y; the I**
row of the matrix P~!, then we have

G2 7 PMP 1, = 7. X; @ Yi1,n.

Despite @ is not obligatorily diagonalizable, this procedure will often work, since () may have
a complex eigenvalue (say A;). In this case, C; is complex but as 1(u) is real, we are ensured there

*. cf. appendix [B.9
. cf. appendix|B.10
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is j € [1,...,m], such that \; is the conjugate of \;. Thus, we get
AU 4 N0 = 2c08(F(N)u) MU R(X ® Vi)l — 25in(S(\)u) e ir, 3(X; ® Vi)l € R,

where R and & stands resp. for the real and the imaginary part. And so we retrieve the fact that
the ruin probability can be expressed as a sum of exponential and sinusoidal functions, which has
been illustrated in [Drekic et al. (2004). At the time, we are writing this memoir, we are currently
working to compute matrix exponential when the matrix is not diagonalizable.

Finally, the ruin probability can be calculated by the function ruinProb of the package actuar.
Details of usage can be found in appendix[B.11], the usage will probably change in a very soon future.
It is higly recommended to use the help directly in R with help (ruinProb).

3.5 Numerical applications

For these numerical applications, we consider three cases of claim size distributions:
1. X follows an exponential distribution £(1), E[X] =1 = Var[X];

2. X is a mixture of exponential distribution £(0.46), £(0.92) and £(1.38) with respective weights
0.1, 0.36 and 0.54. Thus, E[X] =1 and Var[X] = 1.362949;

3. X follows a generalized Erlang* distribution with \; = %0, Ay = % and A3 = 10. We have
E[X] =1 and Var[X] = 0.46.

We choose these three particular distribution in order to have the same expectation but different
variances.

As for the inter-occurence time, we don’t want to redo the exponential case (the Cramér-
Lundberg model). That’s why we choose an erlang distribution G(2,1) and a hyper-exponential
& (%) and £ (%) with respective weights % and % They have the same mean, but different variances
(resp. 2 and ).

The retention rate is either 1 (no reinsurance) or 0.5 (half of the risk is transferred to the
reinsurer). And finally, we choose two premium principles, the expected value and the standard
deviation. The definition can be found in section [[.1.3]

Result are plotted in the figures (3.1)), (3.2), (3.3) and (3.4). Firstly, we notice that the ruin

probabilities are lower with the Erlang(2) inter-occurence times than with the hyper-exponential.
For instance, the ruin probability ,(0) are lower with the Erlang(2) distribution than with the
hyper-exponential. And the tail of the ruin probability 1, decreases sharper with the Erlang(2)
claim arrivals.

Secondly, the remarks on the impact of the retention rate on the ruin probability are not exactly
the same: proportional reinsurance decreases the ruin probability 1, (u) even for small values of
initial capital u. Moreover, we can see that /5 falls sharpier to 0 than vy, except in the figure

B-4).

*. one way to characterize it is to say that it is a sum of independent but not identical exponential distributions.
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Finally, the impact of the premium principle is the same as the previous numerical applications.
The standard deviation principle reduces the differences of the ruin probability for the different

claim size distributions.

the probability of ruin psi(u) [expected value principle]

psi(u)
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Figure 3.1: Graph of u +— 1,(u) when W ~ G(2,2) with the expected value principle
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3.6 Conclusion

This very short chapter studied the impact of proportional reinsurance and the inter-occurence
distribution on the ruin probability in the Sparre Andersen model. The conclusions on the effects
of reinsurance are almost the same as in the Cramér-Lundberg model: reinsurance mitigates the
ruin probability for every initial capital. Furthermore, we have seen the more the inter-occurence
distribution is “risky” (i.e. big variances), the more the ruin probability is small.

All this phase-type mechanic will be included in the next version of the R package actuar *. The
new version will provide functions to compute the density, the distribution function, the moments,
etc. .. for the phase-type distribution in addition to the function ruinProb for the ruin probability
through phase-type distributions. Another function computing the adjustment coefficient will be
added, hence all the numerical applications on the adjustment coefficient in a context of dependence
of Chapter 1 could be done with the packages actuar and copula .

*. |Goulet| (2007))
. [Yan & Kojadinovic, (2007



Conclusion

In this memoir, we dealed with three topics linked to reinsurance and ruin theory. We covered
various subjects such the Gerber-Shiu with proportional reinsurance, optimal reinsurance according
to the adjustment coefficient and phase-type distributions to compute ruin probabilities.

First, we studied the adjustment coefficient with reinsurance in a context of dependence between
claim severity and claim frequency. The optimization of the adjustment coefficient with respect to
retention parameter raised the underlying issue of its unimodality. We showed it is always ensured
with proportional reinsurance. However for excess of loss reinsurance, a condition has to be imposed
in order to have unimodality. Second, introducing proportional reinsurance in the Gerber-Shiu
function (in the Cramér-Lundberg model) leaded to interesting conclusions. With proportional
reinsurance, the distributions of the deficit at ruin and the surplus prior to ruin are compressed
to their mean. Concerning the ruin probability, proportional reinsurance minimizes the risk only
beyond a certain treshold of capital. Third, we have seen that phase-type distributions ease the
calculation of ruin probabilities in the Sparre Andersen model. We presented the implementation
of those computations in the R package actuar as well as the impact of proportional reinsurance
on ruin probabilities.

Each of the three different chapters leaves many questions open for further research. For
instance, it remains to study a combination of excess of loss and proportional reinsurance, as well
as non constant risk margins n and nr. Two obvious extensions to Chapter 2 would be excess
of loss reinsurance and analysis of the Gerber-Shiu function in the Sparre Andersen model (based
on (Gerber & Shiul (2005))). Finally, one could compare approximations of ruin probabilities with
phase-type distributions and the Beekman’s formula (cf. Beekman’s Convolution formula in Kaas
(2006)), for heavy-tailed claim size distribution.

In conclusion, we could consider optimal reinsurance in a dynamic setting, such that [Schmidli

(2001)) did with proportional reinsurance in the Cramér-Lundberg model. Phase-type distributed
inter-occurence times could also be analyzed in the Gerber-Shiu function.
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Appendix A

Optimal Reinsurance in a Context of
Dependence

A.1 Proof: %(r, a) <0

We recall that:

oh _F [(aX — C(a)W)er(@X=ClaW)]
o = E [ereX=Cla)W)]
So, we have:
92h _F [(aX — C(a)W)Qe"(aX—C(a)W)] E [(aX _ C(G)W>e7'(aX—C’(a)W)] 2 o
gpz(ma) = E [er@X—Claw)] - E [er(eX—Ct@W)] . (A1)

(A.1) is positive since it is a variance of an Esscher transform. Therefore, the function r — h(r,a) is convex,
since the function A is C2? on R¥.

In the case of excess of loss reinsurance, we have the function h is defined as

h(r,L) =1In (E[eT(XAL*C(L)W)]) .

The analogy of equation (A.1)) for excess of loss reinsurance is

9%h E[(X AL —C(L)W)2erXAL=CL)W)] (E [(X AL~ C(L)W)erXAL=CLW)] >2
87’2 - ’

7(7“, L) = B [er(X/\L—C(L)W)} E [er(X/\L—C(L)W)}

which is again positive. So the function r — h(r, L) is convex, using the same argument as the previous
demonstration.

A.2 Admissibility condition on ’a’

We want to solve
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where C(a) is given by

E(X)
——~(n— 1 .
Thus the equation above becomes
E(X)  EX)
= — 1 & — =n—1ng.
“BW) ~ BOW) (n—nr + a(l +nr)) ang =1n-"1r
Hence, it yields to
_MR—1
R

A.3 Sufficient condition for unimodality

Let us show the following proposition for ¢ : R — R

Proposition. If ¢ is a C? function, ¢ is an unimodal function on I if the equation ¢'(t) = 0 has a unique
root t*, such as ¢"(t*) < 0.

Proof. As ¢ is a continuous function (since ¢ is C?), it exists € > 0, such as Vt €]t* —¢,t* +¢[, ¢"(t) < 0.
This implies that ¢’ is a strictly decreasing function on [t* — €, t* + €[, which cancels in ¢*.

As ¢’ is a continuous function and ¢’(t) = 0 has a unique root on I, ¢'(t) is strictly positive on IN]—o0, t*[ and
strictly negative on IN|t*, +o0o[. Otherwise, ¢ would cancel more than once. Hence, ¢ is strictly increasing
on IN] — 0o, t*[, reaches its maximum on ¢t* and then is strictly decreasing IN]¢*, 4+o00]. O

Note that the condition “the equation ¢'(t) = 0 has a unique root ¢*” is crucial. If the latter equation
has multiple roots, we are not ensured that ¢ is unimodal on I, since t* may only be on a local maximum.
An easy counter-example of non-unimodality is when ¢(t) = ¢sin(¢) on R.

A.4 Implicit function theorem

Theorem 1. Let F be a bivariate C* function on some open disk with center in (a,b), such that F(a,b) = 0.
If %—5(@, b) # 0, then there exists an h > 0, and a unique function ¢ defined for la — h,a + h[, such that

ola) =b and V]x —a|l < h,F(z,p(x)) =0.

Moreover on |x — a| < h, the function ¢ is C' and

() = - 8F;

A.5 a+— f(a) has a unique root

We recall that f is defined as

as E[(X - o’(a)W)eR<X<a>*C<a)W>] .
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Thus the first derivative with respect to a is given by
f'(a) = RE [(X - C'(a)W)2eR<X<a>-C<a>W>] + R'(a)E [(X — C'(Q)W) (X (a) — C(a)W)eR<X<a>-C<a>W>} .
Thus we have, f'(a) > 0 when f(a) =0< R'(a) =0

Furthermore, we have that f(ag) = —nrFE[X] < 0 and f(1) > 0. Indeed,

f)=E {(X —(1+ ﬁR)g[[;[(/]] W)eR(X_(H")mW)] >E {(X —(1+ n)g,[[v)[(/}]W)eR(X—(“rn)%W)} :

The right-hand side of the previous inequality has the same sign as %(R, 1), which is positive, as we have

already seen. This implies that f is contiunous function which is strictly increasing each time it crosses the
abcisse line, such that f(ap) < 0 and f(1) > 0. So f cancels exactly once.

In figure (A.1), there are some examples of the so called f function for the different distributions used
in numerical applications.
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Figure A.1: Graph of a — f(a)

A.6 Proof: ’¢’ is a decreasing function with exponential premiums

We want the sign of Cov(X,eFX), with X a positive random variable and k a positive real.
Let ¢ and ¢ be the functions ze*® and e*® respectively. These two functions are convex on R% since they
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are C2, ¢/ (x) = (2k + 22)ek* > 0 and ¢ (x) = k2e**. Thus, we have the minoration
Cov(X, eFX) 2 B[XetX] — E[X]E[*X] > E[X]e"EX] — B[X]ehEX] = o,

using the Jensen inequality, E[®(X)] > ®(E[X]) for a convex function .

A.7 Proof: properties of X A L as a function of L

We have
X ifX<L
XAL= { L #X>L
So differentiating with respect to L, we get

OX AL 0 ifX<L _
oL (L){1 if X > D

Let us study the derivative of 1(x~ ) with respect to L. The indicator function is differentiable on R
except on X. Indeed, we have

. Yasp) — x> . -1
1 = 1 =
Lox- L—X SR T ox T
and 1 1
lim (L>L) X>D) _ Iim 0=0.

LoX+ L-X LoX+

o1 a.s. . . .
So —57E "="0 since X is continuous.

A.8 L+ f(L) has multiple roots

In the case of excess of loss reinsurance, f is defined as
J(L) = B [(1pesn) = C(L)W)eREE=C0W],

Fx (L)
E[W]

the solution L = +00 is not a solution mathematically and in practice. Because this involves that the insurer
takes no reinsurance at all.

tends to null. But

Let us notice ; hni f(L) = 0 since both functions 1(x~r) and C'(L) = (1 + nr)
—+oo

We also have
4

f(Lo) = E [(1(x>1) — C'(L)W)e°] = —nrFx(Lo) < 0.

Let us study the first derivative of f
(L) = =B [c"(D)WeREO=COM] 4 RE |(1xsp) — C/(D)W)2 R E=CEW)]
+ R(L)E [(1(x>L) —C'(L)W)(X (L) — C(L)W)6R<X<L)70<L)w>} _

We implicitly supposed that X is continuous, otherwise C”'(L) is not defined since the density of X is used.

Furthermore, in this case, C"(L) = —(1 + ng) ’;Xﬂ(/‘f}) < 0. The problem is f is not an increasing function.

Thus, it is difficult to be sure that f has one root.
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In figure , there are some examples of the so called f function for the different distributions used
in numerical applications, with the expected value principle. The corresponding L — R(L) graphs with
these particular marginals can be found in section [I.3.3} “Unimodality”. Note that f has multiple roots in
gamma (100, 100) /gamma (2, 2) .

In figures and , we plotted the f function with respectively the exponential and the standard
deviation premium calculation principle. As we can see, the graph reveals that f may have an “asymptotic”
root (+00) or one root (< +00). The corresponding L — R(L) graphs can be found in section [I.3.3} “The
impact of the premium principles”.
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Figure A.2: Graph of L — f(L) with the exponential principle
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A.9 Truncated moment generating function

We study the truncated moment generating function defined as (X follows a gamma distribution G(a, A))

+oo

+oo L
MXAL(t) é/0 em/\fo((E)d.%' :A 6t$fx($)d$+A

L a—1ya,—Az @ L a—1¢(y _ p\a,—(A—t)z
T A% (L A 2 H A —t)% P
= e ————dr+ e Fx(La,\) = / dx + e Fx(L,a,\).
/0 I(a) =0 Jo I(a)

L
et fx (x)da :/ e fx(x)dr+e"Fx (L, a, )
0

Hence, we have o
MX/\L(t) = Mx(t, a, )\)Fy(L,Oé, A — t) + etLFx(L, a, /\),

where Y follows a gamma distribution G(a, A — t)).






Appendix B

Consequences of reinsurance

B.1 Comment by Dickson (1998)

Dickson| (1998]) proposed a new way to get the expression (2.7). The functional equation (2.3)) becomes
when taking its Laplace transform

Ba(0)€ — 25(0) = 2EX5(6) ~ 2ps()Fx(6) ~ 20(6)

thus
AW(§) — Cs(0)

sl = Cla)¢ — Mfx (&)’

which is equivalent to ([2.7) since Cips(0) = A\&(p) and p verifies the Lundbeg equation (2.5). When supposing
that the penalty function w(z,y) = 1, Dickson finds (2.8)).

B.2 Key renewal theorem

The Key Renewal theorem

Theorem 2. Consider the integral equation Z = f * Z + z. If we have R such that f(—R) =1 (i.e. the
function x +— B f(z) is a density), then we have

(f)

This version of the key renewal theorem deals with defective or excessive renewal equation.
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B.3 Definition of a martingale

Definition. Let (X;): be a continuous process on the probability space (Q, F,P). (X¢)¢ is a Fi-martingale
if

— (Xy)¢ is Fy-adapted, i.e. ¥t > 0,(X;); is Fy-mesurable;

— (X4)t is integrable, i.e. ¥t > 0, E[|X:|] < +o00;

-Vt > s, B[X,/F = X,

In general, the filtration F; is the natural filtration of the process (Xi)¢, i.e. o(X3).

B.4 Explanations on the process

The first two conditions of the definition of a martingale are verified by (Vg ;). Since, the integrability
condition is

El|Ve | =E [e*5t+§Utj| < e IHHEWEOY 4o

the second condition is verified. The first one is also verified for F; = ¢(S;), because (V¢ ;); is a continuous
composition (exponential functional) of mesurable process : the compound Poisson process S;.

B.5 Explanations on the optional sampling theorem and its ap-
plication

The Doob’s Optional Sampling theorem

Theorem 3. Let (X:);: be a martingale on the probability space (0, F,P), and o, T two bounded stopping
times, such that o a'SS. 7. Then
E[X,/F,] 2 X,.

We used this theorem in two different cases. First, X; = V_p, 0 =0 and 7 = 7 An = min(7, n). Hence,
we have

e—Ru - FE [6*5T/\TI*RUTATL/UO — U] .

Since Vt > 0, e 0T A" RUran < ] (hence the right-hand side of the previous relation converges when n — +00),
we have just to tend n to 400 (T An — 7) to get the expected relation. Secondly, we use the theorem with
X =V,4, 0 =0and 7 =T, An=min(T,,n). Thus, we obtain

Pt — B [e—éTx/\n"erTm/\n/Uo — u} .

Since Vt > 0, e 0TeAn=RUrian < ¢P® the right-hand side of the previous relation converges when n — 4ooc.
Hence

e’ = F [ef‘;TIﬂ’UTz JUog = u] .

With proportional reinsurance, we use the same reasoning.



B.6. INVERSE LAPLACE TRANSFORM WITH THE HEAVISIDE’S EXPANSION FORMULA105

B.6 Inverse Laplace transform with the Heaviside’s expansion for-
mula

We recall the definition of the Laplace transform:

Definition. Let f be a piecewise continuous function. The Laplace transform of f is the unique function J?
defined by

~

“+oo
fo= [ etrma

The Laplace transform is an application L : f +— f, also written L(f). Note that the sectionally continuous-
ness of [ is a sufficient condition for existence of Laplace transform.

The Laplace transform has many properties. Some of them are listed here : linearity, first and second
translation, change of scale. And also the derivation property f(™(s) = s"f(s) — Z?;J s f(n=1=9(0), the
integral property £ (t — fot f(u)du) (s) = Lf), the initial value f(4o00) = lin%)sj?(s) if f(4o00) exists, and
“ S—r

~

the final value f(0) = hIJP sf(s).
S§—+00

The inverse Laplace transform:

Definition. Let F' be a continuous function. The inverse Laplace transform of F is the unique function f
such that

L(f)=F.

The inverse Laplace transform is also written L~1(f).

The inverse Laplace transform has the corresponding properties of the Laplace transform, such as
linearity, first and second translation, change of scale. But also the derivation property £='(f(™)(t) =

(—=1)™"L=Y(f)(t), the integral property £~! (s — fs+oo f(u)du) (s) = w

If we take the Laplace transform of the exponential, we have

f(t) =e" and f(s) =

,8 > a.

Whence the inverse of Laplace transform of F(s) = —L is L™'(F)(t) = e*. One obvious way to find the
inverse of Laplace transform of a fraction is to do a partial fraction expansion, such that

n

F(s)=)_ - fiai & L)) = ZAie“it,

i=1

where (o;)1<i<n are the roots of the denominator of F'.

The Heaviside Expansion Formula is the application of this principle:

Proposition. Let P and Q be two polynoms such that deg(P) < deg(Q) = n (i.e. the degree of P is not
bigger than the degree Q). If Q has n distinct roots (o;)i1<i<n, then it follows

c(g) 0~ Z oo
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If the degree of P is strictly bigger than the degree of ), then the fraction can be written as ggjg =

R(s) + S with deg(P1) < deg(Q).

If the roots of the denominator of the fraction F' are not simple, say the root r of multiplicity m, we
have

N(s) " B
F(s) = —~%— = .
= G &G
then
—1 % tiil rt
L (F)(t)*;@m@ ,
where
i P(s)(s—=r)™
b L (= "5t )(s)
M sy st ’

Note that if there are some complex roots, the trigonometric functions make their appearance in the
inverse Laplace transform, complete results on the Laplace transform can be found in |Spiegel| (1965)).

B.7 Derivative of a function defined as a integral

Theorem 4. Let a function f: X x [a,b] = R, and 2 functions u,v : X — [a,b], with the set X C R. We
suppose that f is C?* on X x [a,b], and u, v are C* on X. Then the function ¢ defined as

v(x)
o) = / | Ja

is C1 on X and its derivative is

v(x)
0= [ G @) 0@) @) )

B.8 Relations between f,(x,y|0) and f,(z,y|u)

This section of the appendix briefly recalled the main points of the demonstration of the relation between
f(x]0) and f(x|u), that is presented in |Gerber & Shiul (1998). By T, (resp. T3), we denote the stopping
times defined as the first time upcrosses the level a (b) with a < u < b. If the surplus starts above the
“barrier level” a (b), the process will have to drop below a (b) and then upcross the barrier.

Let Ty be Ty ATy = min(T,, Tp) the minimum of the two stopping times. Then we define the “comple-
mentary” functions

A(a,blu) = E [e*”mwm:a) Uy = u} = E [e ™71 gy ey /Uo = 1],

and
B(a,blu) = E [6_5T“’b1(UTayb:b)/Uo = u} = E e 1(g,51,)/Uo = u] -

*. twice differentiable with continuous second derivative
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This two functions have some interesting properties

1. A(a,blu) + B(a,blu) = E [e=Tar /Uy = u]

2. for all constant k, A(a,blu) = A(a + k,b+ k|u + k) and B(a,blu) = B(a + k,b+ klu + k)
For ¢’ < a <u < b< ¥, the authors of |Gerber & Shiu| (1998)) derive the following system

{ A(a,b'|u) = A(a,blu) + B(a,blu)A(a,t'|b)
B(d',blu) = A(a,blu)B(d’,bla) + B(a,blu) ’

then taking @’ = 400, a =0, b = z and b’ = 400, they solve this linear system. Finally, they get

{ A0, afu) = L)

eP" —ah(u
B(0, z|u) ZWM

At last using that f(z|u) = B’E(()ILO‘%) (because if ruin occurs with a surplus equal to = before the ruin, then
the surplus must have cross u < ), they obtain the first part of the relation between f(z|0) and f(z|u) (i-e.

when 0 < u < z).

To show the second part of the relation (when z < u), they use duality on the process U} defined as
U if ruin never occurs, otherwise, —Ur,_; for 0 < ¢t < Ty and Uy for t > Ty. Tp is the time of recovery,
since it is defined as the time where the surplus first upcrosses 0 (which implies ruin has occured). From
this transformation, they derived an equality between B(0,u|0) and A(—wu,0| — ), from which they derived
the second part. When introducing proportional reinsurance, it does not affect the proof, since the surplus
process Uf* is still a linear combinaison of a coumpound Poisson process.

B.9 Kronecker product and sum

The Kronecker product A ® B is defined as the mn x mn matrix
A®B= (Aihh Bi27j2)i1i2,j1j27

when A is a m x m matrix of general term (A;, ;, )i, j; and B a n x n matrix of general term (B, ;,)
Note that the Kronecker can also be defined for non-square matrixes.

12,72

The Kronecker sum A & B is given by the mn X mn matrix
ARB=A® I, + B®I,,

where I,, and I,, are the identity matrixes of size m and n. This definition is right only for square matrixes
A and B.

B.10 Banach fixed point theorem

The Banach Fixed Point theorem

Theorem 5. Let E be a complete normed vector space (i.e. a Banach space) and f : E +— E be a continuous
function. If there exists 0 < k < 1, such that ¥(z,y) € E?,

f (@) = F)ll < Kllz = yl],

(i.e. f is contractant), then there is a unique fixed point x* € E, such that

fz*) =",
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So any sequence (f(xy))n will converge exponentially to the fized point x*, since

n

k
|lz* — zn|| < m”xl = o[-

B.11 Function ruinprob in actuar

It is higly recommended to use the help directly in R with help (ruinProb). The current help is:

Description:
Compute the infinite time ruin probability in the model of Cramér-Lundberg or Sparre Andersen, using the
results of Gerber-Dufresnes (1988) and Asmussen-Rolski (1991).

Usage:
ruinProb (model="CramerLundberg", param, premRate)

Arguments:
model a string indicating the model used, either Cramér-Lundberg (default value) or Sparre Andersen
param a list with the following components: either 1ambda, pi, T and min the CramEr—Lundberg model
or nu, S, n, pi, T, m in the Sparre Andersen model; where 1ambda is the Poisson process parameter
(of the claim arrival process), pi, T, m the parameters of the claim size phase-type distribution and
nu, S, n the parameters of the inter-occurence times phase-type distribution
premRate the premium rate (which must respect the positive safety loading constraint)
Value:
Function ruinProb computes the ruin probability and returns the ruin probability as a function of one
parameter, the initial capital.

Author:
Vincent Goulet and Christophe Dutang

References:
Asmussen, S. and Rolski, T. (1991). Computational methods in risk theory: A matrix algorithmic
approach. Insurance: Mathematics and Economics, 10:259-274

Gerber, H. U. and Dufresnes, F. (1991). Three methods to calculate the probability of ruin.
Astin Bull., 19(1):71-90

FEzamples:

## Cramer Lundberg - exponential claim sizes
resExpPsi <- ruinProb ("CramerLundberg", list( lambda=3 ,pi=1l, T=2, m=1),
1.1x3/2)

gridU <- seq(0,5/2,length.out=100) #vector of initial capitals
resExp <- resExpPsi (gridU)

## Cramer Lundberg - mixture of 3 exponential claim sizes

## E(1), E(3) and E(6) with respective weights 1/3, 1/2, 1/6
Lambda <- 3
matT <- array(c(-1,0,0,0,-3,0,0,0,-6),c(3,3))
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weight <- c¢(1/3,1/2,1/6)
beta <- ¢ (1,3,06)
premiumRate <- sum(weight/beta) *Lambdax1l.1

resMixExpPsi <- ruinProb ("CramerLundberg",
list ( lambda=Lambda ,pi=poids, T=matT, m=3), premiumRate)

gridU <- seq(0,5+sum(weight/beta), length.out=100) #vector of initial capitals
resMixExp <- resMixExpPsi (gridU)

## Sparre Andersen - Dickson (1992) numerical applications
## Dickson, D. (1992). On the distribution of surplus prior to ruin.
## North American Actuarial Journal

S <-array(c(-1,0,0,1,-1,0,0,1,-1),c(3,3))

probnu <- c(.4,.2,.4)

matT <- array(c(-1,0,0,0,1,-3,0,0,0,3,-2,0,0,0,2,-4),c(4,4))
probpi <- c¢(.2,.3,.4,.1)

resErlangPsi <- ruinProb ("SparreAndersen",
list ( pi=probpi, T=matT,m=length (probpi),
nu=probnu, S=S5,n=length (probnu) ), 1)

gridU <- seq(0,5%16/15,1length.out=100)
resErlang <- resErlangPsi (gridU)
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